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1. Background

a) Atiyah-Patodi-Singer proved their famous
Atiyah-Patodi-Singer index theorem for mani-
folds with boundary.

M. F. Atiyah, V. K. Patodi and I. M. Singer,
Spectral asymmetry and Riemannian geome-
try, Math. Proc. Cambridge Philos. Soc. 77
(1975), 43-69; 78 (1975), 405-432; 79 (1976),
71-99.

b) Donnelly extended this theorem to the equivari-
ant case by modifying the Atiyah-Patodi-Singer
original method.

H. Donnelly, Eta invariants for G-space, Indi-
ana Univ. Math. J. 27 (1978), 889-918.



C) Zhang proved the regularity of equivariant
eta invariant by a direct geometric method of
Lafferty-Yu-Zhang and he also got this equivari-
ant Atiyah-Patodi-Singer index theorem.

W. P. Zhang, A note on equivariant eta invari-
ants, Proc. AMS. 108 (1990), 1121-11209.

d) Wu introduced the total eta invariant (called
the higher eta invariant by Wu) which is the
generalization of the classical Atiyah-Patodi-
Singer eta invariants. Using the variation for-
mula of total eta invariant, Wu proved the
Atiyah-Patodi-Singer index theorem in the frame-
work of noncommutative geometry

[Wu] F. Wu, The Chern-Connes character for
the Dirac operators on manifolds with bound-
ary, K-Theory 7 (1993), 145-174.



e) Using superconnection, Getzler gave an-
other proof of the noncommutative Atiyah-Patodi-
Singer index theorem, which was more difficult,
but avoided mention of the operators b and B

of cyclic cohomology.

E. Getzler, Cyclic homology and the Atiyah-
Patodi-Singer index theorem, Contemp. Math.
148 (1993), 19-45.

f) It is a natural question to ask whether
WUu’ result admits an equivariant general-
iIzation. In this talk, we will give an equivariant
extension of the Wu' theorem.

2. The Chern-Connes character theory
for -summable spectral triple



a) Noncommutative space

Theorem (R. Descartes) Euclidean geome-
try is the study of three functions z,y, z on R3.

In other words, one can recover the geometry
of the space R3 by studying functions on it (the
coordinates). For example, the unit sphere is
associated to the equation z2 + y2 + 22 = 1.

- Algebraic geometry: geometric spaces< com-
mutative algebras

T he purpose of noncommutative geometry
: extend this correspondence to the noncom-
mutative case in the framework of real analysis.



Philosophy of NCG

I) classical space & commutative C* alge-
bras = NC C* algebras

Theorem (Gelfand-Naimark) Let X,Y be two
compact Hausdoff topological spaces and the
set of continuous functions on X denoted by
C(X) is a unital C* algebra, then

i) C(X)=C(Y) & X,Y are homeomorphic;

i) if Aisa commutative unital C* algebra, then
A=C(X).

By the Gelfand-Naimark theorem:

compact Hausdoff topological spaces < com-
mutative unital C* algebras.

Similarly,

locally compact Hausdoff topological spaces <



commutative nonunital C* algebras.

So commutative C* algebras are usually called
commutative spaces.

Noncommutative C* algebras are called non-
commutative spaces.

There are some spaces associated to NC C*
algebras naturally.

Example: 1. The space of leave of a foliation
(generalize family index theorem to the folia-
tion case)

2. Duals of discrete groups (Novikov conjec-
ture).

More examples can be found in Connes’ book.

II) classical tools ( such as measure theory,
topology, differential calculus and Riemannian
geometry) < algebraic reformulation = non-
commutative generalization



Algebraic reformulation is never straightforward:
i) completely new phenomena arise in the non-

commutative case. ii) The constraint of devel-

oping the theory in the noncommutative frame-

work leads to a new point of view and new

tools even in the commutative case., such as

cyclic cohomology and the quantized differen-

tial calculus.

b) Index theory in the framework of non-
commutative geometry

In the following, we give the NC counterpart of
the classical Atiyah-Singer index theorem. In
order to be compatible with the odd case, we
will give the Connes and Getzler-Szenes index
theorem for the Dirac operator by the heat
kernel method (Ref. Connes and Moscovici
Topology 1990). On the general Getzler-Szenes
index theorem, we can find it in the following
references.



J. Gracia-Bondia and J. Varilly,H. Figueroa El-
ements of noncommutative geometry, Birkhauser
Boston, 2001.

E. Getzler, and A. Szenes, On the Chern char-
acter of theta-summable Fredholm modules, J.
Func. Anal. 84 (1989), 343-357.

An even spectral triple (A, H,D,v): A is an
(C*) unital algebra represented by bounded op-
erators on the Hilbert space 'H, D is a selfad-
joint operator on 'H, with compact resolvent,
such that [D,a] is bounded for every a € A. ~
is a grading operator on ‘H, commuting with A
and anticommuting with D.

An even spectral triple is called 6-summable
it tr(e_tDQ) < 4+oo. for any ¢t >0

Example Dirac triple (C*°(M),L(M,S),D,~).
Here M be a closed, connected and oriented



Riemannian manifold of even dimension with
a fixed spin structure, and S be the bundle of
spinors on M. Denote by D the associated
Dirac operator on L(M;S), the L2 completion
of the space of smooth sections of the bundle
S. ~ is a grading operator on S.

Connes’ spin manifolds theorem Let M be
a closed, connected and oriented Riemannian
manifold, then spin structures on M are deter-
mined by spectral triples over C°°(M) satisfy-
ing some conditions.

So by Connes’ theorem, then

Spectral triples < noncommutative spin
geometry.

First we review the classical Atiyah-Singer in-
dex theorem. Let M be a closed, oriented even



dimensional Riemannian manifold with a fixed
spin structure, and S = ST @S~ be the bundle
of spinors on M. FE is a complex Hermitian
vector bundle on M with a unitary connec-
tion V&, Denote by D (D¥) the associated
(twisted) Dirac operatoron '(M;S) (F(M; S®
E)) . Denote by DT the restriction of DF
on M(M; ST ®E). Write:

1
RTM /Ari ) 2

A(M,VIMY = det
( ) <sinh(RTM /41i)

RE
ch(E, V) = tr[exp(—%)].

Theorem (Atiyah-Singer)

IndDP+ = /MA(M, vIMych(E, VE).

Serre-Swan Theorem: E < p = p* = p2 €
M,(C°>°(M)) and E=Imp =p(M x C").



Take the connection pd on E = Imp. Then
([GVF,p.340])

Tro(p(dp)2F).

(—1)*(2k)!
|

Ch(Imp, pd) = Z .

k>0
Define by Getzler and Szenes :

(—1)*(2k)!
k!

Ch(p) == Tr(p)+ Y Trae((p—5) ([d)>*),

k>1
the factor p — 5 replacing p leads to Ch(p) be-
ing (B + b)-closed ([GVF,p.447]).

Definition Let (A, H, D,~) be an even 8-summable
spectral triple associated to a Banach alge-
bra A with identity, then its Chern character
ch«(A,H,D,v) = {chy(D)| k > 0 and even}
represented by the JLO cocycle in the entire
cyclic cohomology is defined by

chi(DY(f0,-- M) = [ str(s% 0P [D, 1]

k



e~51D°[D, 2] ... e=-1D%[ D, fRekD%) s,

where f* € A and A, = {(so, - -,st)| so +
o8, = 1},

By Getzler symbol calculus (CMP 92 (1983),
163-178) or Yanlin Yu' Clifford asymptotics,
we get

lim;_och,.(VED)(fO,-- -, %)
= /M AWM, VTMYOgrt Ao A dfE.

By Mckean-Singer formula, When k=0, 0 =
1, then we get the Atiyah-Singer index formula
in untwisted case. Direct computations shows
that

im;—o(ch(vED), chp) = | A(0, V"M)Ch(mp, pd).
Define:

(D,p) =Ind[p(DT @ I )p :



p(L2(M,ST) ® C") — p(L?(M, ST) @ CM)],
then
IndDPt = (D, p).

. The homotopy invariance of ch(1/tD)

Given a Banach algebra with unit A, let C"(A)
be the space of continuous (n—+1)-linear forms
on A. Define operators

b: C"(A) — C"T(A): B: ¢c"Tl(A) — c™(A),
bop" (ap, -+ ,ap41)

— Z (_1)J¢n(a’07 y AjQi4-1, " 7a’n—|—1)
0<j<n

+(_1)n+1¢n(an—|—1a’07 T ,Cl,n>;

B¢n+1(a’07 e 7a'n)



= > VY"1 an jt1,0 0 ansa0, 0 an—j)
0<j<n

+(_1)n¢n+1(an—j—|—17 ", an, A0,y Ap—yg, 1)]
Then

b* = B° =bB + Bb=0

Lemma (Getzler-Szenes)
i) Chern-connes character is b — B closed,

bchy, (D) + Bchy,o(D) = 0.
ii) The transgression formula

d
—achk(tD) = bchy_1(tD, D) + Bchy_1(tD, D),

where

k
chy(tD, D)@, -+ ,a*) :==t* 3" (~1)
1=0

'<a’07 [D,CL]_],‘ e ,[D,CLi],D, [Daai—|—1]7' e 7[Daa'k]>t7

(Ag,- -, Ap) = /A Tr(Age—*0t"D? 4,

n



22 22
'G_Slt D ---Ane_snt D )dS

By Atiyah-Singer index theorem and the ho-
motopy invariance of ch(y/tD), then we get

Theorem (Getzler-Szenes)

(D,p) = (ch(D), chp).

Remark 1 This theorem holds for any 8-summable
spectral triple. In fact, in the general case,
Getzler-Szenes just use the homotopy invari-
ance of ch(yv/tD) in order to prove the above
theorem. Getzler give another proof of the
above theorem for the Dirac case using Su-
perconnection (Contemp. Math. 148 (1993),
19-45)).

Remark 2 Since the eta invariant is well de-
fined just for Dirac operators (more generally



for elliptic self adjoint operators), but for gen-
eral selfadjoint traceclass operators, eta invari-
ant is not well defined and we can just de-
fine the truncated eta invariant (see Getzler,
Topology,1993). The reason is that in order to
prove the regularity of eta invariant at zero, we
need use heat kernel method (Bismut-Freed).
In our NC APS index theorem, a generalization
of eta invariants on the boundary are naturally
considered, so we need heat kernel method.

even case odd case
Ind(pDtp) n(pDp)
{chor(D)} {m2k(D)}
lim;_,och(v/tD) regularity ofnop (D)
entire cyclic cohomology radius of convergence
(ch(D), chp) (n(D), chp)

3. The Ativah-Patodi-Singer index
theorem proved by Bismut-Cheeger



Let M be a smooth connected compact man-
ifold with smooth compact boundary N. As-
sume M has even dimension, is oriented and
spin. Let

C]_(N)ZNX(O,].], Z:MUNX{]_}C]_(N>,

and U ~ N x [1,2) be a collar neighborhood of
N in M. For ¢ > 0, we take a metric g° of Z
such that on U Uy, 1y C1(N)

Let S = ST & S~ be spinors bundle associ-
ated to (Z, g°) which is an extension of spinors
bundle on M. Let E be a Hermitian complex
vector bundle on M with unitary connection
VE. Assume that the metric and the connec-
tion on E are splitting on 4. Then we have
an extension of £ on Z. Let H® be the set of
el (Z,S®FE) which satisfying £ and its deriv-
atives are zero near the vertex of cone. Denote



by L2(Z,S® E) the L?-completion of H® (sim-
ilar define L2(Z,ST ® E) and L2(Z,5~ ® E)).
Let

Dep: H® — H*®, Dy.p: HY — HZ,

be the Dirac operators associated to (Z, g°).

Cheeger-chow DjE iIs a Fredholm operator

for the sufficient small . and Ind(D;"E) is in-
dependent of e.

Bismut and Cheeger proved that

Theorem (Atiyah-Patodi-Singer)

nd(DFp) = [ A, v Myen(B, vF) - 7(DF),



where D]}(J, iIs the twisted Dirac operator on
boundary N and

_ 1. .
(D) = ldimker D, + n(Dx)];

1 ool | E2

E E —tD

n(DY) = — | Str(D%e PN Hdt.
Valo

4. The equivariant Atiyah-Patodi-Singer
iIndex theorem

Suppose that G is a compact connected Lie
group acting on M by orientation-preserving
iIsometries and has a product action near the
boundary. E is a G-vector bundle. Assume
that G has an extended action on Z and for
any g € GG, there are lifts of g:

g1 : L?(N,Sy ® E|y) — L*(N, Sy ® E|n));

9o L2(Z,S®E) — L2(Z,5® E),



which commute with Dp and DE,8 respectively.
Define for sufficient e

+ _
IndgDy, . = trg|KerD}55 — trg|kerDE’€.

Theorem (Donnelly)

k
IndgD}f . = > /F A(TF)x
1=1""1

~1
. v —16
{Pf [25|nh(Q/47r + 5 )(N(Fz-))” chy(E)
_ﬁg(DN>7
where {F7q,--- , Fi.} are components of the fixed

point set of g acting on M. €2 is the curvature
matrix of the normal bundle N(F;) and 6 is a
rotation matrix on N(Fj).

RE
chy(E,VE) = trlgs*exp(=2 )} 5« Fi — M;



T(DF) = _[tr(glkerDE) + ny(DE))
n(0F) = [~ —tr(gDNe DRt

5. The equivariant noncommutative
Atiyah-Patodi-Singer index theorem

The fundamental setup is the same as the
Donnelly index theorem.

The equivariant eta cochains

For (C*®(N),L?%(N,S),D,G,~) which is an
equivariant spetral triple (for definition, see S.
Klimek and A. Lesniewski K-theory 1991 or
Chern and Hu Michigan J. Math 1997), we



can define the equivariant cochain cth(tD,D)
(k is even) by the formula:

. k .
chC(tD, D)(f°,---, ") (g) :=tF Y (~1)"
1=0

X<fo7 C(dfl)a T 7C(dfi)a D) C(dfi+1)7 T 7C(dfk)>t(g)a

where fO0 ... ke C®(N), g G. If 4; (0 <
i < n) are operators on H, we define:

2 2
(Ao -+, An)e(9) = [, Tr(Age™ 1274,

ot (s2=51)D? Ane_tQ(l_Sn)ng)dS7

where Ay = {(s1, -+ ,8n)] 0 < s1 < -+ < sy <
1} is the simplex in R™.

Formally, the equivariant total m-invariant of
the Dirac operator D is defined to be a se-
guence of even equivariant cochains on C°°(N),
by the formula:



@,

1 —_—

G G
n¢(D) = / chG(tD, D)dt,

r3Jo —F

where T(3) = /. Then 7§ (D)(1)(g) is the
half of the equivariant Atiyah-Patodi-Singer eta
invariants defined by Donnelly and Zhang. In
order to prove that the above definition is well
defined, it is necessary to check the integrality
near the two ends of the integration, i.e.

Fact I) The regularity of the equivariant total
eta invariant

For the idempotent p € M,(C>®(N)), Let

|dpl] = [|[D, pll| = >_ |ldpi I,

]
where p; ; (1 <1i,7 <r) is the entry of p.



Fact II) Suppose that D is invertible with X\ the
smallest positive eigenvalue of D and ||dpl|| < A,
then the pairing (n© (D), Ch(p)) is well-defined.

Let C2P(IV) is the set

{f e C(N)|f(g.x) = f(x),Vg € G x € N}.

If the above p € M, (CZ(N)) and the lift of g
commutes with D for any g € G, then we have

Fact III)

~1%((D @ [)p) = (1(D), Ch(p)).

where the left term is the equivariant Atiyah-
Patodi-Singer eta invariant.

Let CF (M) = {f € C°(M)|f is independent
of the normal coordinate z,, near the boundary



and f|y € CZ(N)}.

Definition The equivariant Chern Connes char-
acter on M, 7% = {r§, 75, .-+ 75, ---} is de-
fined by

Sh (0 1L 129 (9)
= 15D Ol s - £ ) (9)

1 k R
+(2q)!(27r\/——1)q Z; /Fz A(TF;)

Zi

{rr]os U
SO AL A dF2

(Hy) Assume that the boundary Dirac op-

*

erator Dy is invertible and p = p* = p? €
My (CEF(M)) C Mr(C*>(Z)) such that ||d(p|n)|| <



A, where A is the smallest positive eigenvalue
of DN-

Consider D{J,‘g = p(D;" ® Ir)p :
p(L2(Z,5T) ® C*) — p(L2(Z,57) @ CV),

which is the Dirac operator with the coefficient
from G-vector bundle p(CY) over Z. We also
assume that

(Hy) For any g € GG, there are lifts of g:
g1 L*(N, Sy®Im(p|y)) — L*(N, SyIm(p|n));

g2 L2(Z,8®Im(p)) — L2(Z,S @ Im(p)),

which commute with Dy and Dy ¢ respectively.

By (Hy), then Dy, = pIN(DN @ Ir)p|n

L?(N, Sy @ Im(p|n)) — L?(N, Sy @ Im(p|n))



IS invertible. By Donelly-Zhang index theorem
and fact I) II) III), we have

Theorem 1 Under the assumption (Hy) and

(Hz), then
m k
+ _ (_1)T A .
0sDife = 3 Y iarymny AT
1
: {Pf [25inh(Q/47r + @)(N(Fi)) } Trlp(dp)*']

—(n“(Dn)(9), Ch(p)),

when g = Id,we get the Wu’ theorem.

Theorem 2 Suppose that g acting on N has
no fixed points. Under the assumption (Hy)



and (Hg), then

IndgD;f, = (“(D), Ch(p))(9).

6. The regularity of the equivariant total
eta invariant

In the following, we will give the idea of the
proof of the factsI),II),III). In the non-equivariant
case, Wu proved the regularity of the total eta
invariant by Getzler symbol calculus. Since g is
not a pseudodifferential operator, we use Clif-
ford asymptotics of Yu in order to prove the
regularity of the equivariant total eta invari-
ant. This may be seen as the odd analogy of
the Chern-Hu theorem or a generalization of
the theorem of Zhang.

S. Chern and X. Hu, Equivariant Chern charac-
ter for the invariant Dirac operators, Michigan



Math. J. 44 (1997), 451-473.

H. Feng, A note on the noncommutative Chern
character (in Chinese), Acta Math. Sinica 46
(2003), 57-64.

W. P. Zhang, A note on equivariant eta invari-
ants, Proc. AMS. 108 (1990), 1121-11209.

The idea of the proof of the fact I)

a) The regularity at infinity. Since g is a bounded
operator, this comes from a Connes-Moscovici’
lemma in nonequivariant case (CMP 155 (1993),
103-122.)

Lemma

chG(tD, D)(f°, -, f*)(g) = O(t™2), ast — oo.



b) The regularity at zero. This comes from
the estimate

chZ(tD, DY(fO, -+, f)(g) ~ O(®); i.e.

chG(ViD, D)(f°, - , f¥)(g) ~ O(12).

The i—th term of ch$(v/tD,D)(f%, -, f*)(g)
up to sign for : =0,--- ,k is:

(10, e(df), -+ e(df?), D, e(dfith), -, e(df?)) s(g)

— t% /A Tr[fOe—SltDQC(dfl)e—(SQ—Sl)tDQ
k

e(df?) - e(df) (541 — si) De~ i1 =stD?

e(dfitly. .. C(df’f)e—(l—Sk)tDQQ]dsl .+ dsy,.

Let B be an operator and [ be a positive inte-
ger. Write

gl — [DQ,B[Z—l]]7 glol — g



Lemma A.1 (Chern-Hu; Feng) Let B a fi-
nite order differential operator, then for any
s > 0, we have:

N—1 l

—sD? (_1)
B = E

’ (=0 ll

SlB[l]e—sDQ_l_(_l)NSNB[N](8)7

where BIVI(s) is given by

BIN(s) = /A e~ u15D? BN o= (1=u1)sD? g, oo .
N

Lemma A.2 Let B a finite order differential
operator, then for any s > 0, we have:

N-—-1
1
Be—D? — > l—lsle_SDQB[l] + sNBgN](s),
[=0 "

where BgN](s) is given by

BgN](s) = /A e_(l_ul)SDQB[N]e_ulsDQdulduQ cduy
N



Write
D} = [e(df T HIPel - [e(dr)) Mg

FOle(@r I - [e(drH .

Using the lemmas A.1, A.2 and the property
of trace, then we have:

Proposition

chG(ViD, DY(f°, -+, *)(g)

k | (—D)Ploge+3
0]
=YY N
i=0 0<A, A <N—1 '
Tr{D;}De """} + Y (1) R (AL + AL)ds,
1=0 k

where Cp is a constant.



By functional analysis technigue and the Weyl
asymptotics on the heat kernel, we can prove
when ¢t — 0T,

) 1 . 1
Alds ~ O(13): / Alds ~ O(13).
[, Abds~0G2); [ Alds ~ 0(:2)

SO we have

Proposition 1) If £k < dimN + 1, then when
t — 0T, we have:

chG(ViD, D)(f°, - , f*) ()

- i (1)t

0<AL,+ Ap<N—1

Tr{D}DetP*} 4 O(12).

2) Ifk > dimN + 1, then when t — 01, we
have:

ch@(ViD, DY(f2,--- , f*)(g) ~ O(t3).



By Clifford asymptotics for heat kernel, we can
prove that when ¢t — 0O,

k 1
(A3 T DADe D%} © O(12).

So we prove the regularity of the equivariant
eta cochains.

The proof of the fact II) comes from the fol-
lowing lemma. Let C1(N) be Banach algebra
of once differentiable function on N with the
norm

1 fll1 = supgen|f(z)| + supgenl|df (z)]].
Let
¢ = {95, - - 7¢§q,...}

be an equivariant even cochains sequence in
the bar complex of C1(N), then

16541l = sup||p1<1: 0<i<aq{ll6S,(fo, - s F20)llo(a) }-



Definition The radius of convergence of
#C is defined to be that of the power series
Zq!||q5§q||zq. The space of cochains sequence
with radius of convergence at least »r > 0O is
denoted by CSVe"C(CL(N)).

In general, the sequence

UG(D) — { ©e 7ngq(D)>ngq—|—2(D)7 e }
IS not an entire cochain.

Lemma Suppose that D is invertible with A
the smallest positive eigenvalue of D. Then
the equivariant total eta invariant n©(D) has
radius of convergence r satisfying the inequal-
ity: v >4X2 >0 i.e. n4(D) € Co15MC(CH(N)).

The proof of this lemma is the same as non
equivariant case which given by Wu.



The proof of the fact III) follows the Getzler’
superconnection proof in the non equivariant
case.



T hanks!



