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A localization formula in equivariant cohomology is
something similar to the residue formula in complex
function theory

1

2πi

∮
f(z) dz = Res(f)

with holomorphicity replaced by closedness with respect
to a differential twisted by the action of a group on the
given manifold
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What is it useful for?
When applicable, localization allows one to compute
global invariants of a manifold in terms oflocal ones.
E.g.,Chern classes in terms ofcharacters associated
with the action of the group on the tangent spaces at the
fixed points of the action

What about physics? Physically interesting
quantities of quantum field theories may often be
identified withglobal ( topological/ differentiable/
holomorphic) invariants of a moduli space parametrizing
solutions to the classical field equations.

(Topological supersymmetric gauge theories)
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M ann-dim. mnfd acted on by a Lie groupG
g = Lie(G). Action ofG onΩ(M, g)

(g · α)(ξ) = ρg
∗(α(Adg−1ξ))

α ∈ Ω(M, g) is equivariantif g · α = α .

Equivariant differential(dgα)(ξ) = d(α(ξ)) − iξ∗α(ξ)

dg
2 = 0 on equivariant forms since

(dg
2α)(ξ) = −Lξ∗(α(ξ)) = 0

⇒ equivariant cohomologyH•
G(M) .
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Localization
M ,G compact

ξ ∈ g s.t. ξ∗ has isolated zeroes

α equivariantly closed form

∫
M

α(ξ) = (−2π)n/2
∑
p∈Mξ

α(ξ)0(p)

det1/2(Lp)

whereLp : TpM → TpM, v 7→ [ξ∗, v]

(Lp is the Jacobian ofξ∗ atp)
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M smooth mnfd,X(M) = vector fields

Lie algebroid:v.b.A→M with a v.b. morphism
a : A→ TM (the anchor)and aLie algebrastructure on
Γ(A) such that

1. a : Γ(A) → X(M) is a Lie algebra homomorphism

2. the Leibniz rule holds :

{α, fβ} = f{α, β} + a(α)(f)β

Morphisms are defined in the obvious way
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A = Γ(Λ•A∗)

(δξ)(α1, . . . , αp+1) =∑p+1

i=1 (−1)i−1a(αi)(ξ(α1, . . . , α̂i, . . . , αp+1))

+
∑

i<j(−1)i+jξ({αi, αj}, . . . , α̂i, . . . ,

α̂j, . . . , αp+1)

H•
A is called thecohomology of the Lie algebroidA.
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Examples
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• Tangent bundle,
• Poisson structures,
• foliations (also singular),
• Atiyah algebroids associated to a principal bundle

Cohomology:
• de Rham cohomology,
• Dolbeault cohomology,
• Lichnerowicz-Poisson cohomology of Poisson

manifolds,
• cohomology transversal to a foliation,
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G = ker δ2
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Localization
Theorem. LetM be a cpt orien.m-dim. mnfd over which
a cpt Lie groupG acts. ξ ∈ g = Lie (G) such that the
associated fundamental vector fieldξ∗ has isolated zeroes.
LetA be a rankr Lie algebroid onM , and assume that a
Lie algebra hom.b : g → Γ(A) exists making the
diagram(*) commutative. Letγ ∈ Q• be equivariantly

closed,̃δgγ = 0.

Then ifr < m one has

∫
M

γ(ξ) = 0 while if r ≥ m

the following localization formula holds:
∫
M

γ(ξ) = (−2π)n/2
∑
p∈Mξ

Rγ,ξ(p)
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Thm If a sectionα ∈ Γ(A) is such thata(α) only has
isolated zeroes and defines a circle action onM (or M is
complex, anda(α) is holomorphic)then
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A Bott-type formula
M compact oriented

Thm If a sectionα ∈ Γ(A) is such thata(α) only has
isolated zeroes and defines a circle action onM (or M is
complex, anda(α) is holomorphic)then

Φ(A) =
∑
p

Φ(α, p)

det1/2
Lα,p

where the sum runs on the zeroes ofa(α)
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Particular cases
• Ordinary Bott formula
• Lefschetz fixed point formula
• Holomorphic Lefschetz formula
• Carrell’s localization formula
• (and several other known localization formulas)
• Possible applications to singular foliations
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Partition funcs. of SYM theories

Zr,n =

∫
M(r,n)

e−
1

~
S[A,ψ,φ]

ForN = 2 SUSY the relevant index bundle onM(r, n)
is the tangent bundle

ThenS[A,ψ, φ] is a de Rham equivariantly closed
differential form

The partition function is computed by means of the
localization formula in equivariant de Rham cohomology
(Nekrasov, Flume-Poghossian, B.-Fucito et al)(relying on
work by Nakajima in theU(1) case, i.e., for Hilbert
schemes of points ofC2)
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Computation done usingADHM data:
the moduli space is

M(r, n) = {(B1, B2, I, J) ∈

MatC(n, n) × MatC(n, n) × MatC(r, n) × MatC(n, r)

satisfying constraints(and stability condition)} /

U(n)
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Computation done usingADHM data:
the moduli space is

M(r, n) = {(B1, B2, I, J) ∈

MatC(n, n) × MatC(n, n) × MatC(r, n) × MatC(n, r)

satisfying constraints(and stability condition)} /

U(n)

M(r, n) carriesU(1) × U(1) action

(B1, B2, I, J) 7→ (eiε1B1, e
iε2B2, e

i(ε1+ε2)I, J)
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ν̃ ′1 ν̃
′
2
. . .. . .. . .ν̃ ′6

ν1

ν2

...

...

ν5

ν ′1 ν
′
2
. . .ν ′4

ν̃1

ν̃2

...

...

...

...
ν̃7

◦
◦
◦
◦
s • • • •

Zr,n =
∑
x0

1

SdetL̂x0

=
∑
{Yλ}

N∏
λ,λ̃

∏
s∈Yλ

1

E(s)(E(s) − ǫ)

E(s) = aλλ̃ − ǫ1h(s) + ǫ2(v(s) + 1)
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