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& N = 0 Liouville Theory

Liouville theory is characterized by the expo-
nential interaction pe?®? and a coupling to world-
sheet curvature QR¢. A typical irrational CFT
(c = 1+ 6Q?). Difficult theory solved in late 90’s
using the method conformal bootstrap.

We consider a simplified version of modular boot-
strap and determine boundry states/D-branes.
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Idenity LHS as open and RHS as closed string
channel.

Spectrum:

open closed
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There is no identity representation in closed
string channel. This is consistent with the pres-
ence of mass gap and decoupling of gravity
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D-branes and boundary wave functions:

Zamolodchikov-Zamolodchikov
Fateev-Zamolodchikov-Zamolodchikov-Teschner

Introduce ZZ and FZZT branes and identify the
characters as
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1 inTH(©)
Xp(—2) = (FZZT;ple™™"|2Z)
H(©) denotes the closed string Hamiltonian.

Using Ishibashi states |p)) with momentum p
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boundary states are expanded as
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One finds that the disk wave-functions
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reproduce the modular transformation law.



& N = 2 Liouville Theory

N = 2 Liouville theory consists of fields (¢, Y;9™, 7).
¢ is the Liouville filed coupled to the background
charge Q while Y is a compact boson not coupled
to Q. T are a pair of complex fermions.

N = 2 Liouville theory is interesting from vari-
ous points of view:

e Applications to string theory compactified on
singular space-time, i.e. NS5 branes and sin-
gular CY manifolds.

e T-dual to SL(2; R)/U (1) supercoset theory
which describes 2 dim. black hole.

e Closely related to various bosonic theories with
c = 1 matter coupled to Liouville.

Consider the case with central charge

2K
c=3(1+ Q% :3(1+N)
T-dual to 2-dim black hole with an asymptotic

radius of the cigar (2N /K.

Unitary representations

identity rep. 7=0

continous rep. j = % +i5

discrete reps. 1 < s < N +2K, j =5
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Representations are in one to one correspon-
dence with those of SL(2; R)/U(1) coset theory
with level Kk = N/ K.

For applications to string theory we want in-
tegral U (1)g charges. In order to impose charge
integrality we consider the sum over spectral flows
of irreducible characters of N = 2 SCA

X(m;T, Z) = ; Z—HVZ qgnzeﬂ'iéchh(T’z + ’l’l’T)
nem

(z denotes the angle coupled to the U (1) charge).

We obtain extended characters

1. Identity representations :
Xia(m; 7); m =2Kr, r € Zy,

2. Continuous representations :

Xcont(p9 m; T); p Z 07 m = 2KT‘, T C ZN’

3. Discrete representations :
Xdis(Ss T35 T); m=s+2Kr, r € Zx,
0<s<N+2K -1

S tranformations of these characters are given
by



Continuous representations:
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Discrete representations:
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This is a rather peculiar transformation law with
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the pattern

(continous rep) —— (continous rep)

(discrete rep) — (continous rep) + (discrete rep)

Such a pattern was first observed in N/ = 4 rep
theory (T.E.-Taormina)

1. There are no identity reps in the RHS of above
formulas.

2. Only the discrete reps in the range
K+1< s < N+ K — 1 appear in the
RHS. This corresponds exactly to the known
spectrum

of SL(2; R)/(U (1) theory.
3. It is still possible to show that S% = C.

Spectrum of the theory
identity rep.

e open [ continous rep.

discretereps. 0<s< N+4+2K —1

continous rep.
e closed
discretereps. K <s< N+ K
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Identity rep. is missing in the closed string sec-
tor. Also only a part of discrete reps. appear.
These appear to be general features of modular
properties of irrational CFT’s.

Boundary states

We have three types of boundary states of N =
2 theory corresponding to each representation.
Boundary wave functions are again given by the
the elements of the modular S matrix. We can
compare our expressions with known results of
SL(2; R)/U(1) theory obtained by semi-classical
method using DBI action. We can also test against
conformal bootstrap calculation.

N = 2 Liouville SL(2;R)/U(1)

type A class 1 type B DO brane
identity rep localized at tip of cigar

type B class 2’ type A D1 brane

continuous rep extended along radial direction

type A class 3 type B D2 brane
discrete rep wraps the whole of cigar

type A class 2 type B D2 brane

continuous rep wraps a part of cigar

Ribault-Schomerus



Israel-Pakman-Troost
Fotopoulos-Niarchos-Prezas

There is a delicate discrepancy of class 2 wave
function with that of D1 brane of SL(2; R)/U (1)
theory .

\chlass2(p , M ) ~ f(p , M ) cos(Zﬂ'pp )
WOl (p',m') & ff(p ,m/) (7P 4 (—1)™ e

Class 2 does not seem to have a good semi-classical
limit. On the other hand conformal bootstrap
analysis reproduces class 1 and 2 wave functions
(Ahn-Stanishkov-Yamamoto). We find an agree-
ment of class 3 and D2 brane with the identifica-

tion
s—1 1)
k 2
where o is related to the gauge field strength on
D2 brane. Consistency of the overlap of two D2

branes with o, o’ gives

o=

, 1
o—0 = 2mm—
k

where m is an integer related to the D0 brane
charges. This condition immediately follows from
the above identification.



Geometry of N/ = 2 Liouville fields:
We consider models of the following type:

Liouville theories X minimal models
ri[L(Ni,K,-) ® E[ M,
These describe various singular geometries
e NS5 brane

e ALE spaces
e ALE spaces fibered on P!

e singular C'Y3, CY, etc

Vanishing cycles in these spaces are described by

e Boundary state description
ZZ brane of Liouville sectors ¥ boundary states
of minimal models

e Closed string description
discrete states of Liouville @ discrete states of
minimal
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Elliptic genus:

Z('T; z) _ Tr(_l)FLJrFRezszquOqI;O

Z(t;z=0) = x; Euler number
1

Z(tyz = 2) = o+ O(q); singature

Zq(T)

Results:

1. A, type ALE space

g2 (") 22 0y (75 2)
1—zq" n(r)®

This coincides with massless character of N = 4
algebra.

Z(r32) = ¥(~1)"

2. A,_1 type ALE space

0,(7; (2 + at + b))

_ Y
Z(r32) = naz,%( 1) 0:(r; L(L + ar + b))

102(T; 2)

1
XKon(Ty—(z + a7+ b),0)————
n n(7)?
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Here IC,,(T, v, 1) denotes the level n Appell func-
tion

eiﬂ'm2n7'—|—27rimnu

’Cn(Ta v, /J’) — %; 1 — e2mi(v+pu+mr)

Recall the formula of CY /LG correspondence:
Consider a LG theory wiyth a superpotential

W(X)=gX"
where X is a chiral field X = ¢ + 09 4 - -

1
U (1) charge of field ¢ = —,
n

1
p=——1

n

When one gradually switches off the interaction
g — 0, topological invariants remain unchanged.
Thus one may evaluate ellitpic genus using free
field theory. One finds

1 1
(1 —y»n~'q™)(1 — y ntg™)
1 —1
Ip(1 — yng™)(1 — y= qn)
C0i(m;(1— 0)2)
B 01(T; %z)

Z(t;z) =

On the other hand from the rep. thepry

Z(7;z) = sum of characters of Ramond ground states
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Thus we find a remarkable identity

o :(rs (1 — 1))
hR : — n
egoc E’Hl(T ?) 91(7';%z)

Witten

We have an analogous formula for Appell func-
tion

N+K - z 01(7,2)

R : _
SEK Xais (N,K) (85 8 — KT, 2) = ilonk (T, N) ()3

Free field interpretation of A/ = 2 Liouville field?
Geometric computation of elliptic genus needed.
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