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Many 2D integrable lattice spin models known: Ising, XXZ, RSOS, etc.

Systematic construction of solutions of Y-B equations: quantum groups.

Not many integrable 3D models: almost all generalizations of Z -

Zamolodchikov-Baxter-Bazhanov (ZBB) model A.B.Z. 1981, B-B 1992

Tetrahedron eqs. (3D analog of Y-B-eqgs.) very restrictive, no analog to
quantum group construction of solutions known.

Baxter-Bazhanov (1992) recognized intimate relation of ZBB model to
2D integrable chiral Potts model.

Elegant formulation of generalized BZZ-model:

Vertex formulation in terms of Sergeev mapping, satisfying modified

tetrahedron equation (MTE).
Mangazeev, Stroganov 1993, Sergeev, Mangazeev, Stroganov 1995, Sergeev 1999

Aim of this talk: Use 3D Sergeev mapping to find new results for 2D
BS-model.

1. ZBB-model, Sergeev mapping

2. BS-model

3. BS-L-operator from Sergeev Linear Problem

4. BS-S-operator from 3D mapping R

5. Intertwining of classical BS-L-operator from 3D R()

6. Isospectral transformation of BS-L-operator



1 Sergeev formulation of the 3D vertex ZBB-model

Quantum variables: elements of ultralocal Weyl algebra at root of unity:

_ U _ 2mi/N. W — W - L VA
uj - Wi =ww; - uy; w=e=e ; u,-w; =w;-u; for i#j.

Attach also scalar x; to each link, together: tw; = (u;, wj,x;).

02 Oriented 3D lattice

Key object: Canonical invertible rational mapping operator R 193
(R123 o \I/) (111, Wi, U, ... ,Wg) = \I/(u’l, Wll, u’2, ce ,Wé)
R123 is uniquely determined from postulates:

1: Baxter Z-invariance (lines may be shifted respect to each other)

2: Linear Problem: 0 = (®,| +w'/2(dy|u; + (D] Wy + k1 (Dy| 1y .

\“ Auxiliary plane
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Linear problem: 2D-analog to QIS L-operator relation

0 = (OW|LW(z) — (PH+)|ph),

V = A gives six equations: eliminate co-currents obtain unique solution:

;-1 Rl 1 R3. 1.4 RiR3 1. 3

u, =—u, +—u; Wy Wg—wl/Z—U.Q W, W3, etc.
K9 K9 K9




Rational mapping Ri23 looks complicated in terms of Weyl operators:

r—1 —1 —1g,—1 1/2 —1g,—1
Kol = KiUy + K3Uy Wy W3 — W / K1KaUy Wy W3,
r=1_ -1 1/2..—1 —1 —1,.—1
u, =u; —w / u; Wils + KiWil, Ug
W = wiwow; | — w!Awousws ! + kgus

!t . P . =17 _ -1

At root of unity, affine Weyl operators have N x N-matrix representation:
u=uX; w=w2:; u, w e C; XZ =wZX
X|8)=d’18);  Z|B) = |B+1); (alB) = bap; XV =ZV=1.

N-th powers of Weyl are centers: uév = ujv = Uj; Wév = wjv =W;.

Now if we take /N-th powers of the mapping relations:
(u+w" =U+ W,

Ri923 induces functional mapping R%g of the centers (K; = rl):

J
v wy o KU, Wy _
U Wy,  KUW, + KU Ws + K KU W;
U Wi |
Wi Wy WiWy + UsWs + K3Us Wy
Ué U3 U1U3

Us b UhUs + UsWy + K\ UW,

Remarkable feature: Ris3 decomposes into a matrix conjugation Rio3

(R123 IS N3 X N3—matrix) and R%?)) . (Baxter, Bazhanov, Reshetikhin, Bobenko,
Sergeev, Mangazeev, Stroganov 1995)

Riz o ¥ = Ry (Rg% ° \p) Riy;.
R 23 has compact expression in of root-of-unity g-Gamma-functions w,(n):
(jl—il)j?)wpl(iz — 11wy, (J2 — J1)

R/2I3 .
Wpy(J2 — 11)wp, (12 — J1)

119913 512+i37j2+j3w




Each wy(n) (n € Zy) depends on point p = (z,y) on Fermat curve
oV + yN =1:

wn) = [[ === wl0) = 11 wyn+N) = wyln).

J=1
R 23 is a weighted cross-ratio of four wy, , only three Fermat points are independent: x; 2o = w3 xy.

The Fermat points are related to initial and final Weyl variablestv, m; by

1wy 1 kouy  luy Y3 KW
xl_T/Q—axQ_T/Q T 3= T — =
w R1Uq w Uy w U1 U1 Us

The Tetrahedron equation follows without calculation considering four

succesive transformations R;;. of quadrangles (),, in different order:

Ri23 - Riss - Ross - Rase = Rse - Roag - Rias - Rios .

6 spaces, each R;;; depends on 3 param., there are 5 different param. in the TE



2 The Bazhanov-Stroganov model

Bazhanov-Stroganov 1990 (Korepanov 1985): standard 6-v R-matrix

A — WV 0 0 0

0 A — A1 — 0
o) - A=) A1-w)
0 vil—w) A—v 0
0 0 0 A — wr
intertwines not only the 6-vertex L-operators, but at w = e2™/N qlso
1+)\61Z; AX_l(al —bQZ)
L\ a) = - XZ=wZX,

X(CLQ — ng); A a1a9 + bgbgbl_lz

with entries X, Z : Weyl elements, a = (ay,...,b3) € C°.

Their new intertwining relation is:

Z Rijy i (A V) Lzl/ﬁ()‘ )Lfﬁé(% a)

J1,J2,0 ﬁ ;
8] o
Z Lizljz LZ jf()\’ ) Rj1k17j2k‘2()‘7 V) :
J1,J2,0
041,052,52 O,l,...,N—l and z‘l,ig,jl,...:O,l.

Further they noticed: for special choice of a there exists S
intertwining two L in the Weyl (quantum) space:

> Saranmm@: 0, 0,4) LY (Nip,p') LEE(Niq.q)
B152,k

ZLQQ@ Al g, q Lk’},ﬁl()‘ b, p) 851527172(17 p q, Q>
152,k



SLL =LLS if

IEEPLLA S o (g;q - z)
L\ q,q) = Halls #?uq
X (wxq/ _ Y Z) AWTgxy +——7
Feqlty' Hqlly

where x,, Y4, tg, Ty, Yy, by fulfil the high-genus chiral Potts conditions:
N N N_ N N —N. N N.
r,+y, = k(14 y, )y kx, =1-k'p, " ky, =1-Kpu'; (%)
kQ + ]C/2 = 1, k : fixed temperature-like parameter.

Intertwining matrix S is product of four chiral Potts-Boltzmann weights:

Senan s (P04, 4)
= qu/(Oél — OCQ)Wp/q(BQ — 61)qu(62 — Ozl)Wp/q/(ﬁl — 052),

Integrable CP-model:  (Baxter, Perk, Au-Yang 1988)

different left W, (0o — o)) and right W, (02 — o) Boltzmann weights:

Lo\ T Yo — Tpw? T Wy — Tgw?
Wiq(n) = (_p) Hﬁ' Wpq(n) = (tphq) HAa

- .
_ — Wi
e/ 55 Yp Tqw? =1 Ya T Y

where z,,y,, itq, €tc. satisfy (*) .

W, W are cyclic: Wye(n+ N) = Wp,(n); Woe(n+ N) =W,,(n),
Special Y-B-eq.: S Wor(d=b) W (d— a)W py(c —d) = Rpgr Wpy(b—a)W (¢ — b)Wy,(c—a) .



3 BS-L-operator from Sergeev Linear Problem

E(pil | (gl e(xil
t~U1 ' t:UQ : A
| ; [
(ol | (ol ol e
04 09 :
(ol | (ol (il
L1 . L2

Consider four quantum variables o, vy, tvy, tos  on links

of the basic 3D-lattice, in the auxiliary plane through these variables.
Assume lattice periodic in vertical direction, quasi-momentum &.

Linear problem at tv; and to; (direction of lines important!):

0 = (ol + &w (1|0 + (Po|lWy + ER1 (1w |
0 = (W] + w{holuy + (P1|w1 + K1{ Po|luswy .

In matrix form: (Y| (wéuay — 1)Wf1 = (@] - L1(§),
where (0] = ((¢ol, (#1]); (W] = ((Wol, (¥rl),

L1(§) has operator-valued elements:

1 — w1/2§u1ﬁ1/<51w1v~vl_1 —uy (w1/2 — /<;1W1val_1)

Li(§) =

= 1

1/2W1\7Vl_1) —wl/zfl,hfll/%l + W1wW,

€ﬁ1 (1%1 — W
Only wywy, uy, u; appear: we can use N x N -rep for the operators:
~ 1 wy

. _ . N -1
Wiw, = U~)—Z1, u; = U1X17 u; = U1X1 .
1



Inserting representation and diagonal gauge transformation gives

N 1 — wl/leilwﬂDl_lzl —X1 (w1/2 — /ﬁwlzbl_lzl)
Ly(§) = B B

le_l ( /231 — wl/lelle_lZl) —wl/Qf l%l + wlwl_lzl
El(é) . depends on spectral param. ¢ and 3 variables x1, &1, w /1 .

—> Bazhanov-Stroganov L-operator if we identify

T . 1y w1 yuyy
Ky = w22 Fi=—5 " — =
yq/ w l’q/ w1 w -fquq’Mq,Uq’
Recall:
1+ AL g, AX! <xq _ z)
Hqthgr Haq g
L%(X q,q) =

Haq g

X (wxq/ — ujﬁq/ Z> AW Ty + L 7

We shall soon get these relations from S -operator too.

Remark: If we demand periodicity after third vertical step:

get L-operator of cyclic rep of U,(sf3) etc.  Isaev, Sergeev 2003,

Bazhanov et al, Date et al, Tarasov 1990

Successive action of two L-operators simply

<¢‘ . VNVl_l\ifgl ()\ u1ﬁ1 - 1) ()\ u2ﬁ2 - 1) = <X‘ . L2(>\) L1(>\) .



4 BS-S-operator from matrix conjugation operators Ro3

We consider two N x N3 matrices R and R of the 3-D model:

(Gr—in)gs Wpr (12 — G1)Wp, (J2 — J1)

R = 2 = )y, n — 1),
Wpg (]2 - Zl)wm(h - jl)

111283 6i2+7:37j2+j3w

with Fermat parameters p; resp. p; (i =1,2,3,4).

In this Section the Sergeev functional transformation Rgé is chosen to be trivial.
Proposition:
The BS-intertwining N? x N2-matrix S can be written as

ghif Z RO gL~ H2m

a109 a1,a2,m —Qa1,—a2,n
m,neELN

if the Fermat parameters are related to the CP-parameters by:

Yg' Lq Lq Ye'
Ty =—3 Ty = — T3 = —"3 Ty = —"3
Wy, Yp! Wy WYp!
~ Ty ~ Y ~ Y ~ Ty
q . _ Yq . _Yq g
Ty = ) Ty = ) xr3 = ) Ty = .
Yp Wy WYp Wy

Do ket Y2 L gy Us o aplebe®y Yo 1y

Y1 ,UJq’yp’ Y2 B wl/? Up’xp” Y3 Yp ’ Yq wl/? M’p’:uq’xp"

Proof: use property of wy(n) (g-analog of I'(x)['(1 — z) = 7/sinwx):

(=1)"

wop(—n) W/2’

~1/2

wy(n) = where  Op = (w o w227 ly).

to get

Qol2 w]ﬁ(al - 042) wm(ﬁQ — 51> wOﬁg(ﬁZ — 041) wOm(ﬁl — 042>

waz wop, (1 — a2) wop, (B2 — 1) wpy(B2 — 1) wp (B — a2)

Now identify

Wpy (ﬁQ - Bl)
WOp, (62 - ﬁl)

Wiy (041 - 042) )
Wop, (041 - CV2>7

qu/<051 — 042)

etc.

Wp’qw? - 51)



Intertwining of Ly Lo visualized in 3D using auxiliary periodic variable
103!

Rizg:  (wy, tog, w3) — (], w), r3);
Rizg: (%17 1o, o) — (1o}, t0,, t03);

From S = R R we get new parametrizations of S : (5 contin. param.):

1. Chiral Potts: q. ¢, p, P, k.

2. Fermat: (. To. Ta. T1. To. T with W82 — N2
1y, L2, L3, 1, 42, L3 Y3y4 U304

3. Weyl: K1, K1, Ko, Ro, w1/, we/Wy, + constraint.

4. New: Cross-ratios of 8 points in C: 5 independent



Trivial Rg; means
(KoUy — KiU) Wy = (K Uy + Us) KWy
(W1 — K3Us) W3 = (Wi + U)Wy (U —Us)Us = (K U+ Us) Wh

The solution in terms of 6 points X', X, Y' Y. Z| Z, € C is:

Y-z X7 XY
G=rey—gy Vr=ex—gy U=y
Y — 7 X' — 7 X -y
W, = . W, = . We = .
1 8y—Z(]7 2 EX_ZOJ 3 8X_Y7
Y'Y X' X XX
Kl__{z(l) ZO‘|7 KQ__|:Z(/) Z0:|7 KS__|:YI Y:|7
where ¢ = (—1)" and for cross-ratios we write
AB| (A-C)(B-D)
¢ D| (A-D)(B-0C)

Same eqgs. with tilde-variables: replace Z, Zy by Zi, Z;: then 8 points.

Nice result: Nth powers of the Fermat points are simple cross-ratios:

N_[X V) N _[Y x] v_[Y X]. ~_[X V]
Yoz 2 ) T o2y )0 Tz 2y T T 2y Ze |

v_[X Z]. N [Y Z]. ~_[Y 4] ~_[X Z
yl Y/ ZO ) y2 X/ Zé ) y3 X Z(/) ’ y4 Y/ ZO )

Also Nth powers of chiral Potts variables are cross-ratios:

X z X 7z X 7
N _ 1 . N _ 0 . /N __ 1 .
i (3 5] w3 8] e[ 5]
X 7z Xz X' Z
N _ 0| . N _ 1. /N _ 0 .
kxp,—[zl Zi}, kyp,—[ZO Z{)}’ kup,—{zi Z[’)}’
Y Z Y 7 Y Z
N _ 1 . N __ 0 . /N __ 1 .
’”q‘{zo Zs}’ ’”’q‘{zl Zi}’ ’“‘q‘{zs ZJ’
Y Z Y Z Y Z
N _ o | . N _ 1| . /N _ 0
kxq,—[zl Z{}’ k:yq/—{ZO Z{J}’ k,uq,—{Z{ Z{)]
with e[ % Z o 2 % 4
AA Zo Zy |

In this cross-ratio parametriz. all constraints automatically fulfilled.



5 Intertwining of classical BS-L-operators from Rg;

Classical Linear Problem:
0 = Wy — U AUy + OWy + & AK U3 W)
0 = Uy —VoU; + O1W) + QoK U W,
in matrix form: i
UV(ANULU — 1) =3 L1(N)
defining the classical BS-L-operator
( Wi+ AUUK W, Uy (Wy + KGWh) >

AUy (W + KaWy) - Wi+ AK UL O W,
acting in U = (\IJQ, \Ifl) and ¢ = (q)o, @1)

51(/\) —

We take L£1(A\) to define a discrete classical Bazhanov-Stroganov model.
Goal: describe solitonic solutions and soliton creation.
Define L5(A) as above, but with U, Us, Wo, Wy, Ky, K,
LA(A) with U, Uy, Wi, Wi, Ky, K, analogously £5(A).
We are looking for (U, Uy, Wh,...,Ws) — (UF, Ur, W+, ..., W3)
which solves the intertwining relation
Lo(A) L1(A) = L1(A) L3(A).

Direct brute force solution is quite hopeless.

- - (f)
However, the 3D Sergeev functional mapping Ri55
up _ wy KoUsWo .
Uy Wy KiUWo+K3UsWsa+ K1 KgU W3 7
W Wy W1 W U Uy U1Us
W{ Wy WiWe+UsWo+K3UsWs3 0 Uy Ué  UgUs+Us W+ K U Wy

suggests the solution: Introduce additional variables Us, W3

and constant K3, demand periodicity.



We write 3D Sergeev functional mapping Rg; as
Ry + UL Wy, Uy, Wy, Uy, Wy UYL WY, US, W, U, W
Consider the composition of two of these rational transformations
Rgé)S : U17W17U27W27U37W3 = UT,WF, U;W;?Ué:Wé g
RY UL W, Uy, W, U, Wy U3 W, U3, W3, Uy, Wy
together with a periodic condition

U =Us, W;=W;
and denote this composition by
SYV UL W, Uy, Wy, Uy, W, Uy, Wy — U, W US, W, U, Wi, U5 Wi
With these definitions we have

Proposition: The rational transformation Sg)

intertwining relations Lo(A) L1(A) = L5(A) L5(A) .

solves the

Proof:  Solve first using the periodic b.c. for U3, W3, which gives

UK, UW, + K UW) + Us (U W + U
UU, — UyUs
WoWa( Koy KUsUy — KK UL UL )
K3(Uy(K U W,y + KoUyWa) + K Uy (K U Wy + KUy Wh))

then just insert.

Us =

W3 =



6 Uniformization of the bulk functional mapping

Up to now we discussed [ocal features of the models. Now bulk properties:

First we consider the classical part.

Functional mapping, written for a general vertex n = n;e;+nses+nse;s:

U3,n+93 ) W3,n+93

Ul,n+e17 WLn—&—el
93“ e
U2,n> W27n () U2,n+e27 W2,n+e2
~
Ul n Wl n
Y 7 U37n7 WB,n
Ul,n+e1 L W3,n+e3 L K2:n1,n3U2,nW2,n
Ui n Win K1, Uy nWon+Ks. U nW3n+K1. K3, .U nWsn’
Win W2,n+e2 . WinWsn
Wl,n+e1 WZ,n Wl,nWZ,n+U3,nW2,n+K3:n1,n2U3,nW3,n ’
UQ,H+€2 _ U3,1’1 _ U17nU37n
Usn U3 n+eq Uz nUz n+tU2 nWin+EK1mgngUtnWin
Legendre transf. from the 12 variables at each vertex Uj pte,...,Usn to
. . / / .
ratios of 9 fcts Ty, ..., T3nte, and 6 points Xy, X, , Yoy, Yy, Zny, an ;
/ /
ln — Y 7 ; ln = — 7 v , etc.
ny — 4ng 7-2,11-1-83 ng ~ Ing T3.n

then Rﬁlf) takes the form of 3 trilinear Hirota equations: Pakuliak, Sergeev 2002



(Xo — Xﬁ)(Xé - X;)(Xv - Xa)Ta,n+e5+eJﬁ,nT%n
+ (Xa - Xé)(Xﬁ - Xv)(X; - XO()Toz,nTB,n—i-eyTv,n—i-eﬁ
= (Xo — Xp)(Xj — X,)(X] = Xa)Tamte;Tonte, Tn
+ (Xo — X5)(Xp — X)Xy — Xo)Tante, TonTrntes »

(o, 8,7) = (1,2,3),(2,3,1),(3,1,2); X1 = X,,,, X1 =X, , Xo =Y, Xy =Y, Xs=2,,, X5 =7

Now well-known since 1978-84 : any discrete integrable system can
be solved by methods of algebraic geometry.  Kirchever, Shiota, Mulase
Trilinear Hirota egs. identically solved by Double-Fay-Identity.

Practical managable solutions: "rational O-functions” H:

det | Pi — f;P/ife1
: ({P‘,P-,f}g:l) i il
TR [L-;(P = P )

H(fo)=1—fo; H(fo, /) =1- 5= fo f1 g:igfofl;

B (Pl—P3)(P—Py) (P~ Py)(P)—Py) (P P
H(fo,f1,f2)—1—mfo+---+( p?)(pQ pi P f0f1

(Py—P{)(P{—P})(P,—F)
+...+ (P2—Py)(P2—Py)(P1— 0 f0f1f2

The solutions for the Weyl centers can be written in terms of the functions:

A-B"  H{P, P £(A)})

U( fk y .A, B) =. —¢&
e A=B H{P.P, 5(A)0u(B))
A=(AA), ..., Y =(Y"Y), etc. stand for pairs of points, and
P-Y P P,
£(Y) = = fi; o) =y V|
Then - [Y " ]
Uin U{£iljn}, Ynys Zng); Uon = UL Ln0i(Vny)} s Vigs Zig)

Wl,n =-U ({fj[j:n}aznga yng) ; W2,n =-U ({fj[jino-j(ZW)}?Zn:s? yn2> ;



U3,n =U ({fj]jl’l} 3 an yT/L2) ) W3,n =-U ({f]]]naj(y;w)} ayrlma an) .

where

T %) T7 2Wn) TT %:(Zms)
L., = J\""my J\Fma J\=ms)
w15 1 o-jm@)mllo 05(Zms)

mo=0



7 The classical inhomogenous BS-Chain

We consider slice of the 3D-lattice:

Chain in e>-direction, single layer in €;, periodic after two steps in €3:

Uz’,n = 1,n+es) ‘/Vz',n = 1,n-+e3
V(Do 2) ¢ (O 2) v Vo1 21)
U2,63 U2,62+e3
(X;Z1) """""""" *
(Vo3 20) (V15 20) (Vo-1;20)
Y.z U2,6 Ve | 7 _
€3 ( U> U2,62

r (A) (Wl,neg +AU1,ne201,ne2K1:nW1,ne2 Ul,ne2 (Wl,neg + Kl:nWLneg) )

Aﬁl,neg (Wl,ne2 + Kl:nwl,neg) Wl,ne2+ Af(l:nljl,neg Ul,neQWLnez

Classical monodromy matrix (chain length )
MUA) = (TINZ Wi ey ) LolA) £1(A) <o+ £a(A) -+ Ly (A),

Now we derive an isospectrality transformation of the transfer matrix
Tr M(A) by moving an auxiliary classical operator

Lo (A) W2 o P AU gUs 5B56Wa 5 Usg (WQ,ﬁ ™ K2:6W2,6>
0 - -~ ~ -~
AUQ,G (W + Ky 50, ) VV2,67L AK2:6U2,6U2,6W2,6
through the monodromy

Lo“Ly Ly oo Ly = Ly LYLy .. Ly = .. = Ly L. Ly LY,
requiring L = L4 sothat Tr M(A) = Tr M*(A).



We have studied the intertwining of two operators L:
L(Us, Wa, Us, Wa, A) - L(Uy, Wy, Uy, W1, A)
= LU WU W A) - LU, Wy, Us, Wi, A)
was described by the mapping
SYV U, Wy, Uy, Wy, Uy, W, Uy, Wy — U, Wi US, W U, Wi, U5 Wi

The mapping Sg) takes a simple form in terms of the functions U if
the periodicity condition Us = U, which here is 0;(2y)0;(21) = 1, is
imposed.

Indicating the arguments of the variables U; only, this reads:
£8U$ ({fjo-](yo)} ) X? ZO7 Zl) ) EO ( {f]} 3 y07 ZO) Zl)
= L5({fjoi(X)}, Mo, 20, 20) - L1 ({ [3}. X, 20, 21)

In the Us, W5 arguments of operator L§"* the intertwining mapping is
fi = fi o Q).
while the Uy, Wi-arguments of the £ are mapped f; — f;o;(X).
Finally, periodicity
N-1
L5 ({fioj()}, X, 20, 21) = LI ({fj"j(y0> 11 Ujl(yi)} 795730731)

i=0
requires N1

[[o') = 1.
i=0
If this is satisfied, the transfer matrices Tr M(A) and Tr M*(A)

are isospectral. This is non-trivial if some f; #0.



8 Conclusions

e Well-known are the relations between the BS-model and the Chiral
Potts model, and between Chiral Potts model and 3D ZBB-model.

e Here we studied in detail the direct relation between BS-model and
3D ZBB-model and its generalizations.

e BS-Lax-operator is obtained from the Sergeev linear problem.

e The BS quantum intertwiner matrix S is obtained as the product of
two 3D mapping operators.

e 3d parameterization (Fermat points and Weyl centers) leads to a sim-
ple cross-ratio parameterization of BS operators which can be gener-
alized to the inhomogenous case.

e Parameterization of inhomogenous BS model in terms of rational
Theta-functions allows derivation of new BS isospectral transforma-
tions.



Proposition: Let M be length of the periodic BS-chain. Consider the

system

ML (P Y,) (P — Z)(P - Z;)
H (P — Y’ —Y) 11 (P—Z)(P ~Z) b

where Y, Yq/, Zy, . .. are given by the CP-variables:

oy LV AT (G- 24— )
R 1 e R A v )

This system has ¢ = M — 1 solutions {(P], Py)} . Define

on(Y7)
Then, the spectrum of the BS transfer matriz with

o _ Yo 2 H{AL@or )
© T Y, = % HUA Qo 2o 7)o (Zo)}

_ Y~ % Y, — 21 H{fililg + Doy (Z)HH{ frlk(@)oy, (Z1)})

% T Y= 7 Y= 20 Hi ooy (Z) DH({felsla + Doy (Z0)D)

does not depend on the set of {fi}.



Theta functions

Concepts: Fg: generic algebraic curve of genus g

w canonical g-dim. vector of the homomorphic differentials.

For X,Y €T, let I : 2 Jac(T,) be If £ [ w

E(X,Y) = —E(Y,X): prime form on I'?,

O(v): theta-function on Jac(l',):

0 (z) = Z exp (im(n, On) + 2in(n, z))
nezZ9J
Fay identity for A, B, C, D €I’y anda v € Jac(l',):
O(v) O(v + I + I9)
= Ov + Tj) O(v + If) £37)
+ O(v + I“g) O(v + Ig) ggﬁg;

In " physical” expressions prime forms only as cross ratios: expressible in
thetas:
X X o EXY)EXY')
Y Y| — EXY)EX.Y)

More useful here: Rational limit of O Sergeev 2000, Pakuliak, Sergeev 2002

_ det| ¢t — f;ph |91,
0¥ (z) = HUY ({pquhfk g_l) _ J J &y li,j=0
= [Is; (@ — @)

fos f1s .oy Jg—1 remember z and po,qo, ..., Pg—1,q,—1 remember ().
X X)L (X-v)-y) .
= . anal Fay-Identity also for H .
[Y Y’]E (X—Y’)(Y—X’>’ analogous Fay-ldentity also tor



9 Conclusions

The intimate relation of the BS-model
to the 3D ZBB-model is no surprise:
Bazhanov and Stroganov found the relation of the BS-model to the
integrable chiral Potts model,
Bazhanov and Baxter found that the Zy-generalization of the Zamolod-

chikov model for two layers leads to the integrable chiral Potts model.

Here, the relation of the Sergeev mapping and the Weyl Linear Problem,
to the BS-model is made explicit.
The cross-ratio parametrization simplifies most functional variable changes.
It is related to the rational limit of the Theta-function parametrization
of the functional mapping.
The introduction of a third pair of variables, which is afterwards
eliminated by a periodicity condition, gives a transparent 3D-method to

solve the intertwining relations of the BS-model.



