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G connected quasi-simple linear group/D

2 dual
group , simply connected

TC B < G Cantan and Bovel subgroups

X
=

x*T) > Q = 20 > & = moot system

t = LieT
, G = LieG , U(g)= enveloping algebra

IDefine
=

,
Y

,

E
, I similarly

W - Weyl group

We
, of = WASO C We

,
ex= WxOX



* Positive characteristic :

Assome G defined over b = A , char(k)
=

p > 0

Fr : G -> G Frobenius map

GxGx = kar) = Frobenius Kernel = a group scheme

k[G)
-> b[6x) = finite dimensional Hopf algebra

G =

restricted Lie algebra with p-operation

G- G ,
x +x x/4)

u(G) = restricted enveloping algebra

=U(g)/(xP- xi ; xG)

= b[Gx)
*

as Hopf algebra (finite dimensional



Rep (G, ) = finite dimensional rational Gx-modules

=Comod (b[6x))

=Rep(u(6))

Dist(G) C biGJ
*

distribution algebra

Rep (G) = finite dimensional rational 6-modules

=Rep (Dist(G))

= finite dimensionil integrable Dist (2) - modules

There are algebra homomorphisms

U(G) > u(G) C >Dist(G)

Steinberg tensor product formula => Fru (Gx) determins In(a)



EX :

(a)G = GLn , Fr
*

Artag(k[G(n)) , Fr
*

(Xij) = Xi]

xT = cP Vest gIn

()G
= Ga

,
b[Ga)

=

bTA)
,
Fr
*

(A)
=

AP

u(Ga) = b[Ga
,

) = b[t)/(t) self-dual



B Quantum groups :

3e K" root of 1 of order=l - is good

Codd
,
>h = Coxeter number

, prime to 3 in type &2)

We have the following grantum groups attached to :

(a) Us = DeConcivi-Kac grantur group Can of U(I))

(d) U = Lusstig quantum group (an . of Dist(âl)

(c) us = small quantum group (ah . of (1)

There are algebra homomorphisms

Hs -> usVs Eux = U(y)

Fr
*

: Rep(G) = Rep(U ,) -> Rep(Us)



ReplUs)=(Y graded , integrable) finite dimensional modules

Rep(U , ) = Repl)

Replus) = finite dimensional modules

NB : A = abstract group

Braided tensor de-equivaciantization Braided Tensor

>

K-linear categories K-linear categories

with Rep(A)-action &A
equivaciantization

with A - action &

Obj(94) = {(X , Pal ; XtObjl) , atA, da : alXl> X}

-SA-equivariant objects 3

Idem if A is an affine olgebraic group



EX :

(a) G-variety X => Coh(x)
&
= Coha(X)

(b) (Arkhipor - Gaitsgory /
Fr** -

Repl) RepNUSIReplus â

Replus
*
= ReplUg

Rplus) = Vect & ReplUgI
Rep18)

-> 2(uz) = [(Vz)1us

Block decomposition :

13 -
⑰ e

a -/We
,of

0

-M3 - principal block

I



CON5 (Lachowska- Qi) : Type A

(a) dim [(uz) =
I C

(h+1) &

I(h+ 1) e h

(b) dim [(m3) = (h +1)
- 4-

(c) acts trivially on 2(mz)

NB : [coinvariants] = &[A3/(KTASY)

=H(G/B)

-
Wx DIAS - module of dim #W

(diagonal coinvariants) = &TAOt/(CTAAY)

=

WADIAOt]-module with

quotient to 4 [Q/Ch+1) Q] as W-module



↓ WACIAES =

gr
(Chevednit's rational algebra DANA)

In type A we have (Haiman
,
Gordon

CTAGAY/(CTAAY)
=

&[a/Ch+1) a]

=gr (simple DAHA- module)

dim (CTA/(ITAAY))= Ch +1)
- 4



② Geometrization :

*Affine flag manifolds :

↑CYR = Am

Ap > A = closed fundamental alcove

= {xEAR ; 0- (p, 121 ,X)

=fundamental domain for We
, of Aix

/We
, of
=

R & A

EX : G= PSLs

#
.

.
.⑳
⑳

.

.



A = &C +4) < A = KIT)) > 0
=
CITD

arc Alabels a parahoric subgroup ↑" CG(A)

Fl,= G1K)/P" partial affine flag manifold/G

Fl
*
= FlW,)

EX :

(a)w = 0
=> Fl = Gr = G(k)/G(0)

with G10) maximal compact in GCK)

I

(b) we A => Fl
*

=

Fl = G(k)/I

with ICG10) Iwahori



** 8 Fl
*

by loop rotation , 32¢
*

Gr = 1 Fl ,
ce)

a EX/We
, ex

as homogeneous spaces over G(K1))



* Affine Springer fibers :

Choose & < (Gok)"compact and regular semi-simple

FlY Fer affine Springer fiber

=> [AdIg) (P) ; geG(A) , Adly") (r) Gead(Liep-)S

C Ad(G(A)) (pr)
=

FlW

E = U Al
= algebraic dosure of K

R

def

↓ homogeneous E) GIE) conjugate to Got" with de R

-> Fly ind-scheme , pure , equidimensional ,

finite dimensional

r
= sat

, r = x , segregulan senrisimple



3

Grg reTit=

HFew, = Fer
l

a EX/We
, ex

EX : G
= SL2

, 5 = ( -i)

Fl = ...XXX ...
chain of 4"'s

#12 = )) = dim H* Fly)
*

=

3



x Computation of HoCGr) :

G

(a) T Fly with (FR) = (FeWIT = Wex/Wa

Ww= stabilizer of a EX in Wex

(6) Fer has a paving by affine cells

=> HIFly) equivariantly formal

(c) There are finitely many / dimensional T-orbit's

in Fly between any 2 fixed points

=>
GAM applies to H9(Gry")

H(FY) = {(aw) = Fun (Wex/Ww , HE) ;
(x)

Ou Osa
,
m

. ar
moda

,
X(x

,m) =@x2}



GL(t) - sa
,
m
= reflexion/offine hyperplane

LET + Y = L Wex/Ww + (x) give
aE//

ex

H(Gr) = {(a! e Fun) X , Hi) ;
a Osa

,
mic

mod a
,
(a

,m)=x2}



* Symmetries of affine Springer fibers :

G(k) Fl
~

and T(A) & Flo

Left Wex-action on HI(FlY) :

(a) Wex & H(Fe

(b) R
=

xxCT)
=
HoCT(A)) & Ho (Fe8

T

extende to Wex & HICFlY) via GAM

Pright action Wex HI(Fly)= Springer action



PROP =

(a) dim HoFly)Wex = (h+x)r

() dim Ho(Gr /
We
,

ex= (Ch+4) e - h + ei)

Sei3 = Sexponents of W3

NB :

(a) In type = Apart (a) is due to Boixeda Alvarez - Loser [BL]

(b) Proof of (d) uses reduction to dim HiCGry) with

us elliptic (Sommers)



CONJ : We have a commutative diagram

↳
·

CGr)
Wesex

.

~

> 2(ms)
f f-X18 CGr e -(ng)

I

with W-invariant lower map .

THE : We have a commutative diagram as above

with injective horizontal maps .
The lower map

is W-invariant



NB : (a) Restricting to principal block we get

Ho ( Fly)Nex
A

>
2(n: )

f
Y

f I
Ho FlyI

B
> 2(ng)

(b) Intype A , the left map is invertible
. Proving B

is subjective implice also that 2 (3)
&
=

2 (u% / IBL]

(c) Compare with Soergel theorem :

0(g) = BGG category O of G

=finitely generated B- integrable U(G) - modules

2(0(8)) = H9(G/B)

= KIA)/(KIA]Y)



(d) DAHA's act on the cohomology of affine Springer fibers

= The conjecture relates 2 (3) with DAHA's

le) To construct B we use GAM to define an

isomorphism H(F() => [(Txn3) .
The

equivariant formality of L
.
H . S

. gives a map

H9Fly) [(u3) which estricts to B



⑪ Definition of the map A :

* Mixed geometry approach :

Dim
,
In(Gr) = In- egut derived cat" of mixed complexes on Gr

C
,
IwIFl) = Iwahori-Whittaken devived category of mixed complexes on Il

[BY3) => 5 (Koszrl) equivalence DYm
,
In(Gr) -> C

,
Iw(Fe)

O O
(- (2) [T ](1/2)

↑ (Fl)

purity b
Hom (id

(F)
id

p
I- )(- (

D D (Fl)
m
,
IW m

,
IW (x)

[BY3)bLHom (id id
p (D

,
In(Gr)

degrading functor
Cm
,
Inl6r)

2(c"=m(Gr))
[ABGO4]

2 (Rep(Un)"



2(ug) = [(Uz)1us -> 2(Rep(Us)"

CLAIM
: (1) factors through H9Fl) > 2/m3)4"

* Harish - Chandra approach :

Y
= SpecCA/I) CX = Spec(A)

NX) = deformation to normal cohe

=Spec (Alh , +"I3)

Ny(x) =

normal core of Y into X

=Spec( + /Int)

= N
,
(x) /2503



* * Apply Borel's construction to H9Gr3) :

f(x) Pic (Fl) for all At Axx = X
*

(Tx¢")

T-equivariance + cup product by c x 12(NI's give a map

1 4 > H(Fl)④
T

①Text] -(IND(AxA))
*4x(a)

with = Exut <Axt

Similarly , let =513 x (T/) relative to the map
T

TW-TW
,

W .A 1 W
.

th

=> Ho(Gr3) = k[NzT)) by equivariant formality



** Harish Chandra isomorphism for quantum groups (Rosso) :

Us = Lusstig quantum group at q = 3 = Uq/(a - 3)

Ug = a Dig,') - algebra

US = completion of Up at 9 = 3

=a KID-algebra with t
= q-3

HC
: DIAB [T/WS ~

> ICUz) Harish Chandra isomorphism

Specialize t = 0 => HC factorizes through

DIF (Tw)]- -[(Uz)2 h
=
0

(proof uses DeConcini-Kac's theorem or [(M)(



=> The fiber at t=0 gives a map

H (Gr) = k[N(Tl)<2(Us

PROP : This map factors through

H9(Gr) -2(n)([(Us)
-1

res
I

H
·

(Gr)
We
, ex

Proof uses GAM description of Hare))



BON ANNIVERSAIRE MICHELE !!


