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A Killing vector field

e X compact oriented Riemannian m., K Killing v. field.
o dyx = d+ ik equivariant de Rham.

o d? = Lg.

e Xy = (K = 0) smooth submanifold.
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The localization formulas of Nicole Berline and
Michele Vergne 1983

Theorem

If € Q(X,R) such that dgp = 0, then

. K
/X = /XK €K (NXK/X) ’

€K (NXK/X) equivariant Euler class of Ny, /x.
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The proof by Berline-Vergne

e « l-form on X \ Xk such that igxa =1, Lxa = 0.
e On X \ Xk, 1 :de;La.

o Use Stokes formula.
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o If K/ dual to K, Ly K' = 0.
o If ay = exp (—dgK'/t), then dxay = 0.
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e Ast — 0, convergence of currents,
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The equivariant index of the Dirac operator

e X compact oriented even dimensional spin Riem.
manifold, S™¥ spinors, (E, V¥) vector bundle.

e (G compact Lie group acting isometrically on X, lifting
to STX E

e DX Dirac operator acting on C* (X, ST @ E),

commuting with G.

G acts on ker D¥| x (g) = Ty ker ¥ l9], x (1) = IndD<.

Atiyah Bott fixed point formula,
=/, A X, g (TX)chy (E).
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The heat equation proof of the fixed point
formulas

e McKean-Singer: ¢ > 0, x (9) = Trg [gexp (—tD*?)].

e Make t — 0 and use local index theoretic techniques...

o
Trs[gexp(—tDX’2)]\z>0 A
L(9) | | A @)y (B)]ca
——— X,
global N - _
local
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e L.X smooth loop space of X.
e Fort >0, Inde = Try [exp (—tDX’Q)} = / e
N 3 LX

Hamﬁg)nian
Lagrangian
o Atiyah-Witten: index theorem formal consequence of
localization on loop space LX w.r.t. Killing vector

field Z () = & (dx supersymmetry).
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Berline-Vergne and local index theory when g =1

e L.X smooth loop space of X.
e For ¢t >0, IndDY = T, [exp (—tDX’Q)} = / M -
h 4 LX

Hamﬁgnian Lagrangian
o Atiyah-Witten: index theorem formal consequence of
localization on loop space LX w.r.t. Killing vector
field Z () = & (dx supersymmetry).
o [ had shown how the heat equation method provides
the proper proof of localization in this infinite
dimensional context.
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The localization formulas of Berline-Vergne
Index theorem and localization formulas

The families index theorem

Selberg’s trace formula

The orbital integrals as Berline-Vergne formulas
Hypoelliptic Laplacian and orbital integrals
References

The Kirillov like formulas



The localization formulas of Berline-Vergne
Index theorem and localization formulas

The families index theorem

Selberg’s trace formula

The orbital integrals as Berline-Vergne formulas
Hypoelliptic Laplacian and orbital integ
References

als

The Kirillov like formulas

e K € g defines Killing vector field KX on X.

Jean-Michel Bismut 10 /37



The localization formulas of Berline-Vergne
Index theorem and localization formulas

The families index theorem

Selberg’s trace formula

I'he orbital integrals as Berline-Vergne formulas
Hypoelliptic Laplacian and orbital integrals
References

The Kirillov like formulas

e K € g defines Killing vector field K% on X.

e | K| small, A (TX)chg (FE) dx-cohomology class on
X.

Jean-Michel Bismut 10 /37



Index theorem and localization formulas

The Kirillov like formulas

e K € g defines Killing vector field K% on X.

e | K| small, A (TX)chg (FE) dx-cohomology class on
X.

e By BV formula, for |K| small,

X (X)) = /X A (TX) chox (E) = /X Ag (TX)chg (E).
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The Kirillov like formulas

e K € g defines Killing vector field K% on X.

o |K| small, Ax (TX)chy (E) dg-cohomology class on
X.
e By BV formula, for |K| small,

X (X)) = /X A (TX) chox (E) = /X Ag (TX)chg (E).

N

VvV vV
Lefschetz Kirillov

e Example: generic coadjoint orbits G/T.
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A question by Berline and Vergne

e Give a direct heat equation proof of Kirillov (or
infinitesimal Lefschetz) formula 7

e My formal answer: K* lifts to K*X on LX), and
[KEX. Z] =0...

e ...so that one should (formally!) use localization with
two commuting Killing vector fields instead of one.

Jean-Michel Bismut 11 /37
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Index theorem and localization formulas

The rigorous solution B85

o McKean-Singer x (eK) = Tr, [exp (—LK — tDX’2)} :
Replace /tD* by ViDX + ¢ (KX) /4V/t.
¥ (5) = T, exp (~Lic = (VID + ¢ (K¥) /av/2))?].

Make t — 0 and get Kirillov like formula.

(]

Nicole Berline and Michele Vergne’s reaction: ‘Now,
you should prove the families index theorem!’
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The families index theorem

A simple observation

7w : P — S K-principal bundle.
o M = P xy X projects on S with fiber X.

Connection on P with curvature R induces connection
on M.

ch (IndD) = Tr,™P [exp (= R/2i7)] computed by
Kirillov formula. . .

o ...and gives families index theorem in this special case.
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Quillen’s superconnections

e In 1985, Quillen’s superconnections: vast extension of
connections and Chern-Weil theory.

e m: M — S projection with fiber X.

e DY family of Dirac operators.

o I introduced the Levi-Civita superconnection
A, = VC"X’(X,STX@F) L ViDX — ¢ (TH) /4\/5

e Compare with vtDX + ¢ (KX) /44t

Jean-Michel Bismut 14 /37



The localization formulas of Berline-Vergne
Index theorem and localization formulas

The families index theorem

Selberg’s trace formula

The orbital integrals as Berline-Vergne formulas
Hypoelliptic Laplacian and orbital integrals
References

The local families index theorem



The families index theorem

The local families index theorem

Theorem B&6

Jean-Michel Bismut 15 /37



The families index theorem

The local families index theorem

Theorem B&6

Q@ ch(A,) represents ch (IndD¥) in H (S, R).

Jean-Michel Bismut 15 /37



The families index theorem

The local families index theorem

Theorem B86
Q@ ch(A,) represents ch (IndD¥) in H (S, R).
Q Ast—0,

ch (4) = . [A(TX, V™) ch (E, V7)]

local version of AS families index theorem.
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Selberg’s trace formula 56

o X Riem. surface of constant scalar curvature —2.

?r [exp (tAX/2)l = %;;/8)

~
heat kernel

Vol (X)

TV
closed geodesics

2 Z//2 dy
e i) e i
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Selberg’s trace formula 56

o X Riem. surface of constant scalar curvature —2.
o

2rt

TV
closed geodesics

2 y/2 dy
R Fr=

Vol,, exp (—¢2/2t — t/8)
Z \/ﬁ 2sinh (¢,/2)

770

Tr [exp (tA*/2)] = MVOI (X)
heat\krernel h g
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Selberg’s trace formula 56

o X Riem. surface of constant scalar curvature —2.
o

2rt

TV
closed geodesics

2 y/2 dy
R Fr=

Vol,, exp (—¢2/2t — t/8)
Z \/ﬁ 2sinh (¢,/2)

770
e Right-hand side orbital integrals for SLy (R).

Jean-Michel Bismut 16 / 37

Tr [exp (tA*/2)] = MVOI (X)
heat\krernel h g




The localization formulas of Berline-Vergne
Index theorem and localization formulas

The families index theorem

Selberg’s trace formula

The orbital integrals as Berline-Vergne formulas
Hypoelliptic Laplacian and orbital integrals
References

The symmetric space X



I'he localization formulas of Berline-Vergne
Index theorem and localization formul

The

as
families index theorem

Selberg’s trace formula
I'he orbital integrals as Berline

Vergne formulas
Hypoelliptic

Laplacian and orbital integrals

References

The symmetric space X

e G real reductive group, K maximal compact subgroup,
X = G/K symmetric space.

Jean-Michel Bismut 17 /37



Selberg’s trace formula

The symmetric space X

e G real reductive group, K maximal compact subgroup,
X = G/K symmetric space.

e g =p @t Cartan splitting equipped with symmetric
bilinear form B >0 onp, <Oon ¢ ...

Jean-Michel Bismut 17 /37



Selberg’s trace formula

The symmetric space X

e G real reductive group, K maximal compact subgroup,
X = G/K symmetric space.

e g =p @t Cartan splitting equipped with symmetric
bilinear form B >0 onp, <Oon ¢ ...

@ ...descends to bundle of Lie algebras TX & N on X.

Jean-Michel Bismut 17 /37



Selberg’s trace formula

The symmetric space X

e G real reductive group, K maximal compact subgroup,
X = G/K symmetric space.

e g =p @t Cartan splitting equipped with symmetric
bilinear form B >0 onp, <Oon ¢ ...

@ ...descends to bundle of Lie algebras TX & N on X.

G =SLy (R), K = S', X upper half-plane, TX & N of
dimension 3.

Jean-Michel Bismut 17 /37
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Semi-simple orbital integrals

e (9 Casimir.

e p: K — E descends to vector bundle F' on X.
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e (9 Casimir.

e p: K — E descends to vector bundle F' on X.

e C%¥ acts on O (X, F) like a shifted Bochner
Laplacian.

e 7 € (G semi-simple, [y] conjugacy class.

e For t > 0, Trl [exp (—tC’g’X/Q)] orbital integral of
heat kernel on orbit of ~:

I([]) = /Z( - " [p* (97 "v9)] dg.

o If Z =T\ X, orbital integrals part of trace of heat

kernel.
Jean-Michel Bismut 18 /37
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Semi-simple orbital integrals

Theorem (B. 2011)

Ify=e"%kt aep ke K, Ad(k)a = a, there is an explicit
function J, (Yy) , Yy € it (7), such that

exp (— |al? /2
T e (0 =) /9] = L/

[ 5 oy i)

dyy
(2mt)¥?
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The function J, (Yy) , Yy € i (v)

1 A (ad (Yoé) ‘p(v))

o ‘det (1—Ad(7)) |, v E(ad (m)*”))

1
[det (1 — Ad (k_1>) |3(J)'(’Y)

det (1 - Ad (k7)) oy ) ]2
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7)

Jean-Michel Bismut 22 /37



The localization formulas of Berline-Vergne
Index theorem and localization formulas

The families index theorem

Selberg’s trace formula

The orbital integrals as Berline-Vergne formulas
Hypoelliptic Laplacian and orbital integrals
References

The case vy =1



The localization formulas of Berline-Vergne
Index theorem and localization formulas

The families index theorem

Selberg’s trace formula

The orbital integrals as Berline-Vergne formulas
Hypoelliptic Laplacian and orbital integ
References

als

The case v =1

e For Y € ik, put

Jean-Michel Bismut

23 /37



Selberg’s trace formula

The case vy =1

e For Y € ik, put

E(ad (Y5) I»)
I (Y)) = =
D Ty
v [P (1,2 :e_Ct/Q—l
T, [P (2, 7)] T

/ﬁ () 1 e exp (¥ /21)

Jean-Michel Bismut




The localization formulas of Berline-Vergne
Index theorem and localization formulas

The families index theorem

Selberg’s trace formula

The orbital integrals as Berline-Vergne formulas
Hypoelliptic Laplacian and orbital integrals
References

The analogy with Berline-Vergne



The orbital integrals as Berline-Vergne formulas

The analogy with Berline-Vergne

Trs [geXp(*tDX’Q)]|t>o N
e L(g) i [ A @) cby (B) o
M Xg
global — - <
local

Jean-Michel Bismut 24 /37



The orbital integrals as Berline-Vergne formulas

The analogy with Berline-Vergne

Trs[gexp(*tDX’Q)]|t>o N
* L(9)|i=to ) / A, (TX) chy (E) |io-
—_— X,
global N - 4
local
./‘ M‘t_Jr fxat#|t>0 \/ 12 |t—0-
X Xi €K \(rNXK/X>J
global local

Jean-Michel Bismut 24 /37



The orbital integrals as Berline-Vergne formulas

The analogy with Berline-Vergne

’I‘rs[gexp(ftDX’Q)]|t>o R
o L(g) i [ A @) cby (B) o
—_— X,
global N ~ _
local
./‘ M|t_+ fxatlt|t>0 \/ I |t—0-
X Xi €K \(rNXK/X>J
global local

Trs 1! [g exp(ftD?’Q)] lp>0
> Geom. formulal|p— o
A

o Trl] [exp (—th’X)]b:O

> g
global orbital integral local via Lie algebra
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The analysis on G X g

e The analysis will be done on G' Xk g...

@ ...which is the total space X of TX & N over
X =G/K.

e Two separate constructions on G and on g.
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A formula of Kostant

Theorem (Kostant)

DXe? = —C9 4 B (¢, ¢").

Remark

DX acts on C™ (G, A’ (g*)), while C? acts on C* (G, R).
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Wick rotation and harmonic oscillator on g;

On g; = p @ik, H% harmonic oscillator on g;.

oo =1 (=A% 4+ [Y[P —n).

Witten operators d¥ = d% + YA, d%* = d%* + iy acts
on C (g, A (g}))

D% = d% + d** Dirac like operator on g;.

L(de, do*) = He 4 NA(6)

(]

Jean-Michel Bismut 28 /37



The localization formulas of Berline-Vergne
Index theorem and localization formulas

The families index theorem

Selberg’s trace formula

The orbital integrals as Berline-Vergne formulas
Hypoelliptic Laplacian and orbital integrals
References

The operator 3,



The localization formulas of Berline-Vergne
Index theorem and localization formulas

The families index theorem

Selberg’s trace formula

The orbital integrals as Berline-Vergne formulas
Hypoelliptic Laplacian and orbital integrals

References

The operator 3y,

e ©, combination of Dirac operators on G and g.

Jean-Michel Bismut 29 /37



I'he localization formulas of Berline-Vergne
Index theorem and localization formul

The

as
families index theorem
Selberg’s trace formula
I'he orbital integrals as Berline-Vergne formulas

Hypoelliptic Laplacian and orbital integrals

References

The operator 3y,

e ©, combination of Dirac operators on G and g.
e ©; acts on C™ (G x g, A" (g¢&))-

Jean-Michel Bismut 29 /37



Hypoelliptic Laplacian and orbital integrals

The operator 3y,

e 9, combination of Dirac operators on G and g.
e ©; acts on C™ (G x g, A" (g¢&))-
o Dy = DX ic([YLV?]) + 1 (d% 4 d%*).

Jean-Michel Bismut 29 /37



Hypoelliptic Laplacian and orbital integrals

The operator 3y,

e 9, combination of Dirac operators on G and g.
e ©; acts on C™ (G x g, A" (g¢&))-
o Dy = DX ic([YLV?]) + 1 (d% 4 d%*).

o 9, K-invariant.

Jean-Michel Bismut 29 /37



Hypoelliptic Laplacian and orbital integrals

The operator 3y,

e 9, combination of Dirac operators on G and g.
e ©; acts on C™ (G x g, A" (g¢&))-

o D, = DKo e ([, VP]) + L (d% + d%*).

e O, K-invariant.

@ The quadratic term is related to the quotienting by K.
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Hypoelliptic Laplacian and orbital integrals

The hypoelliptic Laplacian

o Set £, = 1 (~D*°2 4 97).

@ Quotient the construction by K.

o g=p@tdescendson X to TX & N.
o 7: X — X total space of TX & N.

e L acts on O (AAT', TN (T X & N*)>
Using the fiberwise Bargmann isomorphism, £ acts on

0= (X,S (T"X ® N*) ® A (T*X & N*)).

Jean-Michel Bismut 30/37
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1
_| b2

X _
£ 2

—
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geodesic flow
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1
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geodesic flow
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Hypoelliptic Laplacian and Fokker-Planck

£ = IV gy CATY ) ¢

~
Harmonic oscillator of TX &N

NA(T*XON*)

b2

b

geodesic flow

+l< Vyrx +¢(ad (YT¥)) —c (ad (YT¥) + ifad (YN))>.

Remark

b — 0, LF = 1 (C%% —¢): X collapses to X (B. 2011)
e b — +00, geodesic f. Vyrx dominates = closed geodesics.
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Tel) [exp (—t (C** —¢) /2)] = T, [exp (—tL))] -

Remark

The proof uses the fact that Tt is a trace on the algebra
of G-invariants smooth kernels on X with Gaussian decay.

Analog of [, p= [y a1z
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~——
geodesic flow

e As b — +oo, the orbital integral localizes near a

manifold of geodesics in X associated with ~.
@ One uses a global Getzler rescaling.
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L Hlt=—40c0 t=0-
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global local
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Hypoelliptic Laplacian and orbital integrals

Orbital integrals and center of the enveloping

algebra (B SHEN 22)

e With Shen we extended previous formula from C*® to
Z(9)-

e We met again a crucial theme in Michele’s work: why
A appears both in index theorem and in the Duflo
isomorphism?

@ The Duflo-Harish Chandra isomorphism appears
explicitly in our formula.
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