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INTRODUCTION.

Goal: To generalize the Tate functional equation for local zeta
functions to a class of p-adic reductive symmetric spaces.

Tate’s functional equation (Thesis 1950) on a p-adic field F of
charact. 0, g=cardinal of the residual field of F. For ¢ € S(F)
(smooth, compactly supported), xy= character of F*, Re(s) > sp.

Local zeta function Z(¢p,x,s) :/ o(t)x(t)|t]*d"t,
F*
L-function: 3 L(x,s) = Py(q~°)"! unique, P, € C[X] such that
P,(0) =1 and
{Z(p,x;8); 0 € S(F)} = L(x; 5)Cla ™, ¢°]-
Functional Equation Z(]-'go, 11— =~(x,s9)Z(p, X, 9).
where Fo(y) = [r ¢(x)1(xy)dx = Fourier transform (¢) € F)

L 1 !
A1) = (L(j;;)e(x,s,w) with €(x.5,1) = g™,

C € C, m € Z. (Inverse of the p function of Tate).



(GENERALIZATIONS OF TATE’S FUNCTIONAL

e H.Jacquet-R.Langlands for GL(2, F) (1970),
R.Godement-H.Jacquet for G = GL(n, D) (1972), where D a
central division algebra over F.

(m, W)=smooth irreducible representation of G,

Z(p.5.60i) = [ l@)enal@)lvle)l*de,
where ¢, v (g) = (7(g)w, W) and v= reduced norm on M,(D).
Z(]:(p, éW,V~V7 n— 5) = /7(71-’ 5)2(907 Cw,w» 5)7 CW,VT/(g) = CW,VT/(g_l)
Existence of L and e-functions.

e M. Sato, F. Sato (1989) and I. Muller (arXiv 2008) on a
class of prehomogeneous vector space (M, V) (ie. IM(F) open
orbit in V ® F), with relative invariant polynomials Py, ..., Pm

Z(®,s,w) / ij ) |Pi(X)|%dX, wj € F*, se Qc C™

— abstract functional equations and explicit ones on examples.



(GENERALIZATIONS OF TATE’S FUNCTIONAL

e N.Bopp - H.Rubenthaler (2005): classification of
commutative regular PV on R and explicit functional equations for
zeta functions associated to minimal spherical principal series.

e W. W. Li (2018-2021): abstract functional equations for zeta
functions associated to smooth irreducible rep. on PV whose open
orbit is a wavefront spherical variety (which includes symmetric
space) (under some assumptions).

Our results are the analog in p-adic case of those of
N.Bopp-H.Rubenthaler+existence of L functions.

Perspectives. For a class of commutative irred. regular PV with a
unique open orbit, we hope to obtain explicit formulation of results
of W.W. Li (and, if it is possible, with existence of L and
e-functions).



STRUCTURE OF 3-GRADED ALGEBRAS.

We fix F a p-adic field of charac. 0 and F an algebraic
closure.

A commutative prehomogeneous vector space over F (called
a PV) is constructed from a 3-graded reductive algebra §
defined over F.

i= Vo go VT
graded by Hp : -2 0 2

We always suppose that:

1) The representation (g, V") is absolutely irreducible (i.e.
(g ® F, VT ® F) is irreducible.

2) 3X € VT, Y € V™ such that {Y, Hy, X} is an sly-triple
(Regularity condition).

We fix a = maximal split abelian subalgebra of g containing Hp (it
is also maximal split abelian in §)
Y = roots of (§,a), X = roots of (g, a)



STRUCTURE OF 3-GRADED ALGEBRAS.

THEOREM

There exists a basis of simple roots M C T such that
© There is a unique root \g € M with Mo(Ho) =2
@ for v €T, v # Ao then v(Hp) = 0. (M =M\ A = basis of ¥).

@ Inductively, (§1 = Z(lo), with [p = g~ @ g7, %] @ g),
3 a sequence of strongly orthogonal roots Ag, A1, - . ., Ak,
where k is uniquely determined by the condition

vtn Z’g‘(TO D... EBTk) = {0}

and we have Ho = Hy, + ...+ Hy, (H),; is the coroot of \;).
k 4+ 1 is called the rank of §.



CLASSIFICATION OF SIMPLE REGULAR IRREDUCIBLE
3-GRADED ALGEBRAS.

Let j be a Cartan subalgebra of g such thata CcjC gCg.

Let W be a basis of R= roots of (§ @ F,j ® F) such that

P(‘T’) =nu {0}, where p : i —> a* is the restriction morphism.

PROPOSITION

There is a unique simple root ag € W such that plag) = No.

CONSEQUENCE

@ In the Satake -Tits diagram of g, the root ag is “white".

@ The underlying Dynkin diagram, where the root «y is
distinguished, correspond to a regular 3-graded algebra over F.
(which are classified as on C (I.Muller- H.Rubenthaler-
G.Schiffmann))



Table 1

Simple Regular Graded Lie Algebras over a p-adic field

Basic invariants: e ¢/ = dim g,
e d =dim E,'J(:l:]., :i:].)

ee=dimg >
i #j, where X € E; j(p,q)
— [H)\nX] = pX, [H)\j7X] = qX, [H)\S,X] =0,s 7& i?j!

7 ' v+ R o} rank(=k+1) Type | 1-type
si(k+1,D)
si(2(k +1),D ® M(k+1,D) | Am-1 | Azest sen) k1 I | (A9
silb+1,D) ne(k+1)5 where == — by Sis and
)| w@n.E.Ha) | sl(n.E) Hermo(n,B) | Azat Cn n o (a1
nzl
0(gemirm) | O@mn-n) Fonct B, B 2 (41
0nsann) | oaiin) | F By | B 2 |
o(ge)) 0(3) F By |Bi=4 1 m | B
sp(2n, F) si(n, F) Sym(n, F) G, C. | OO0 0—0=<0 n | (4,1
w@n,H.Hn) | sinH) | SkewHerm(n,H) | Con Cn n m | B
(Nj+X j)

i #J




Table 1 (continued)

Simple Regular Graded Lie Algebras over a p-adic field

R

Sl

7 g vt Satake diagram rank(=k+1)|¢| d Type | 1-type
@ | olmm) | omrimn)| | D | D ©_°_°_°Q_(< 2 1] 2m—4 1|41
9) | o(gmermn) | 0(Gommz) Fer2 712;] By | OO0 ! 2 1|2m—14 | (A1)
(10) | o(@ms2m—2) |o(@msrm-9)| £ | Doy | Bua 6o °_°°_<: 2 1| 2m—4 1| (41
()| olganan) | sl2n,F) | Skew(2n,F)| Doy | Dan O—O—O—OO—({ n 1 4 1 |(AL
(12) | u(2n,H, Ks,) | sl(n,H) | Herm(n,H) 1"7;; C, '—O—'—O'—C@ n 1 4 I |(41)
(13) split Br split Bs | Herm(3,0,) | Bx | Er I 3 1 8 1 (A1)

We remark that £ =3 or £ = 6%, § € N* and 0 < e < 4.




G-OPEN ORBITS

Let Auto(g) = Aut(”) N Aute(§ ® F) where
Aute(§ ® F) = (€2 x nilpotent in § @ F} (group of elementary
automorphisms). We introduce the group G
G = Znuty(5)(Ho)
G = G(F), G algebraic reductive group defined over F,
Lie(G) = g, G stabilizes V* and g.

THEOREM

@ (G, V™) is a regular irreducible prehomogeneous vector space.
We denote by A its relative invariant polynomial.

@ Ifl =62 6cN*ande=0 or4, the group G has a unique
open orbit QT = {X € V*; Ag(X) # 0},

@ In other cases, the number r of open G-orbits in VT depends
on the parity of k and r € {2,3,4,5} except when e =2 and
k is even for which r = 1.

@ Same results for (G, V™) with relative inv. polynomial V.



SYMMETRIC SPACES AND MINIMAL o0s- PARABOLIC
SUBGROUP P

Let Q;t = G.Isi, fors=1...,r, be the open G-orbits in VE with
T € B o5, such that  {Z;, Ho, Z} = sh — triple

Let wy = e2dZd ead I gad I e the non trivial element of the
corresponding Weyl group.
We set 5(X) = ws. X, X €§, 0s(g) = wsgw; !, g € Auto(F).
PROPOSITION
@ o is an involution of g, g and G.
@ Hs=Zg(Z}) = Zg(Z,) is a subgroup of G with Lie
algebra g% so that QFf ~ G/H; are symmetric spaces.

Let a® = ®}_FH,,; and n = @o<i<j<kEj(1,—1) C g and
P = LN where L= Z(a®) and N = exp®®

LEMMA
For all QF, o5(P) is the opposite parabolic subgroup of P (ie. P is
a os-parabolic subgroup), and P is minimal for this property.



PREHOMOGENEOUS VECTOR SPACES (P, V)

THEOREM

Let Aj (j=0,...,k) be the relative invariant polynomial of
(Gj, \/J+) corresponding to §; = Z(lo ® ... @ [;).Then
® (P, V™) is prehomogeneous, and the Aj’s are the relative
invariants.

@ (P, V™) is prehomogeneous, with a family of relative
invariants V.

@® If ¢ =62 and e = 0 or 4, P has a unique open orbit in V*.

@ In other cases, the number N of open P-orbits depends on e,
¢and k (N=3K1if¢=3 andfor{ =1 N=4Kife=1or
3and N =2Kif e =2).



H-DISTINGUISHED REPRESENTATION AND ZETA
FUNCTIONS.

From now, we assume that / = §2 and e = 0 or 4. Hence, G
and P have a unique open orbit in V*. (Q* = G.Z* ~ G/H).

H-DISTINGUISHED REPRESENTATION

A smooth admissible representation (7, W) of G is H-distinguished
if (W*)H #£ {0} (space of H-invariant linear forms).

ZETA FUNCTIONS (FORMALLY DEFINED).

For ¢ € (W*)" we W and ® € S(V'), WV e S(V7), and z € C,
we set:

ZH(®, 2,6, w) = / O(gI+) < 1(g)e,w > |Ro(g TH)[?de,
G/H

Z-(V,z,&,w) = /G/H V(gZ7) <7"(g)éw > |Vo(g.Z)*dg.



ZETA FUNCTIONS.

IF ¢ = 6%, d =2¢ AND e = 0, THEN BY THE CLASSIFICATION

V*t ~gl(n,D), G/H~ GL(n,D) x GL(n,D)/diag ~ GL(n, D),
where D is a central division algebra of degree §.
— our zeta functions coincide with those of Godement-Jacquet.

THEOREM (W.W. LI)

If (7, W) is irreducible, then for Re z >> 0, the integrals
ZE(®,z,£, w) are convergent for € S(VF),
(&, w) € (W*)H x W, and extend to rational functions in g=Z.

PROOF.

W.W. Li proves this result when G is split, using results of
Sakellaridis and Venkatesh (on neighborhood at infinity and
boundary degenerations). Arguments are valid in general case by
P. Delorme's results. OJ



FUNCTIONAL EQUATION

Fourier transform.
]:((D)(Y) = fv+ q)(X)qb(b(Xv Y))dX7 Y € V_a (D € S(V+)7
where ¢ € F, and b is a suitable normalization of the Killing form.

THEOREM (L1, H-RUBENTHALER)

Let (m, W) be a H-distinguished smooth irreducible representation
of G (dim(W*)H < oo by Sakellaridis - Venkatesh)).
Then, there exists an endomorphism 7, (, z) of W*H, rational in
g~ %, such that

dimV™*

Z7(F(®),m = 2,6, w) = Z7(®, 2, 7y(m, 2)&, w), m = k+1°

PROOF.

W.W. Li proves this results under assumptions on V* — Q*. We
give a simpler proof in our case using Bruhat's results. [



FUNCTIONAL EQUATION FOR H- DISTINGUISHED
MINIMAL PRINCIPAL SERIES
Here, we assume that / =1 and e = 0 or 4.

Recall that P = LN with L = Zg(®;FH,;) and o(P) is opposite to
P. As ¢ =1 the group L acts by a scalar x;(-) on §% and

L/LNH =~ (F))* by the map I — (xo(/), ..., xk(]))-

—~k+1
For 6 = (do,...,0k) € F* a unitary character and p € Ck+1,
we define a character §,, of L, which is trivial on LN H, by

/)—H5XJ IETOIEE

By P.Blanc-P.Delorme, for almost i, the representation
(Ind§6,, Is,) is H-distinguished and dim(lg‘u)H =1.



FUNCTIONAL EQUATION FOR H- DISTINGUISHED

THEOREM

Recall that m = 9= Let £ € (/5 ) and w € I, Then

© Z*H(d,z,£ w) are convergent for Re z >> 0 and extend to
rational functions in g~ %,

@ Existence of L-function: 3!L%(z,5,) = P(q~%)~! such that
P e C[X], P(0)=1 and
{Z:I:(q), Z?f) W); ¢7 57 w as USUB'} = Li(zv 6M)C[q_zv qz]

® Explicit functional equation

Z=(Fo, (m2+1) —z,6,w) =d(0,p,2) Z7(d,z+ (mz_l),& w)

with d(57 H, Z) = Cﬁ ]._Llfzo 7(5j7 Z — [y, lb)
where (-, -, 1) is the inverse of the p function of Tate, G € C*.

L = 2 )
L+(Z, 6;1)

Moreover d(d, u,z) = C’ g =", C"eCnel.



COMMENTS

e On the proof:- Relation between Z*(®,z,&, w) and the zeta
functions Z(®,w, s) of Sato for (P, V*) when z and u are in some
convex cones

2(0.0.9) = [ 000 [Le(A(X))12,00/7aX.

- (P, V¥) satisfies hypothesis of Theorem k, of F. Sato (on P
singular orbits on V* — Q%)— abstract functional equation for
the zeta functions Z(®,w, s) of Sato.

e The last point is an easy consequence of existence of L-functions
and functional equation.
e Open problem: Explicit expression of L-functions.

COROLLARY

If (m, W) is an irreducible H-distinguished subrepresentation of /s,
then the same results hold for zeta functions associated to (m, W).



PERSPECTIVES ({ =1, e =0 OR 4).

Generalize our result to any smooth irreducible
H-distinguished representation (7, /): Subrepresentation
Theorem for p-adic symmetric spaces of Kato -Takano:
(m, W) is a subrepresentation of Indgr, where
e Q is o-parabolic subgroup (ie. 0(Q) and Q are opposite)
e 7 is a relatively cuspidal representation of M = Q No(Q)
(ie. 7= smooth irred., M N H-distinguished and (7*(m)¢, w) is
compactly supported modulo Zy (M N H) for ¢ € (V)H™M and
we V).

PROPOSITION

If (7, V) is relatively cuspidal representation, then
e there exists L-functions for ZF(®, 7, ¢, v).
e Moreover, if dim(V*)MH = 1, then the factor (7, z, %) is scalar

and satisfies v(7,z,v) = C%q_s” for some C € C*, n € Z.
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