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Abstract

We present several results concerning the asymptotic expansion of the invariant Bergman kernel of hgespoperator
associated with high tensor powers of a positive line bundle on a compact symplectic mafafoite this article: X. Ma,
W. Zhang, C. R. Acad. Sci. Paris, Ser. | 341 (2005).

0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Noyaux de Bergman et réduction symplectique. Nous annongons des résultats sur le développement asymptotique du
noyau de Bergmagr-invariant de I'opérateur de Dirac spiassocié a une puissance tendant vers I'infini d’un fibré en droites
positif sur une variété symplectique compad®eur citer cet article: X. Ma, W. Zhang, C. R. Acad. Sci. Paris, Ser. | 341
(2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Soit (X, w) une variété symplectique compacte, et gdit #%) un fibré en droites hermitien muni d’une
connexion hermitienn&’ telle que%(vL)2 = w. Soit (E, k) un fibré vectoriel hermitien sux muni d’une
connexion hermitienn&£. Soit g7* une métrique riemannienne sifr, et soitJ une structure presque com-
plexe compatible séparément 8% etw. Alors les données géométriques ci-dessus définissent canoniquement un
opérateur de Dirac sginD, agissant suR®*(X, L? ® E), l'espace d€0, e)-formes a valeurs darns” ® E.

Soit G un groupe de Lie compact connexe et gpgion algébre de Lie. On suppose gieagit surX, et que
son action se releve A et E en préservant/, les métriques et les connexions ci-dessus. AlorsIKgest une
G-représentation de dimension finie. StierD,,)¢ la partie G-invariante de KeD,. Le noyau de Bergman
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G-invariant P,,G(x,x’) (x,x’ € X) est le noyaug™ de la projection orthogonalef de 2%°(X,LP ® E) sur
(KerD,,)G associé a la forme de volume riemannienng@’).

Dans cette Note, hous annongons des résultats sur le développement asymptoﬂﬁlqe,oké) guandp tend
vers l'infini. Le détail des démonstrations et des applications de nos résultats est donné dans [6].

1. Introduction

Let (X, w) be a compact symplectic manifold of real dimensian 2ssume that there exists a Hermitian line
bundleL over X endowed with a Hermitian connectidt- with the property thatg RY = w, whereRl = (V1)?
is the curvature ofL, VL). Let (E, h®) be a Hermitian vector bundle ox with Hermitian connectio®v £ and its
curvatureRE .

Let ¢”X be a Riemannian metric oki. Let J:TX — T X be the skew-adjoint linear map which satisfies the
relation w (u, v) = g7 X (Ju, v) for u,v € TX. Let J be an almost complex structure such tgat (Ju, Jv) =
gT X, v), o(Ju, Jv) = w(u,v), and thatw(-, J-) defines a metric ol X. Then J commutes withJ, thus
J =J(=J%~12 Let VTX be the Levi-Civita connection o7 X, g7 *) with curvatureR”X and scalar cur-
vaturerX. ThenV7¥ induces a natural connectiov®® on det7 -9 x) with curvatureR%! and the Clifford
connectionv! on the Clifford moduleA (7*©Y x) with curvatureR®'. The spifi Dirac operatorD,, acts on
204X, L? ® E) = @, _R2%(X, L” ® E), the direct sum of spaces ¢, q)-forms with values inL” ® E.
We denote byD; the restriction ofD, on Q0evenx 1P @ E). By [4, Theorem 2.5], whep is large enough,
CokerD; vanishes.

Let G be a compact connected Lie group with Lie algeprand dimG = ng. Suppose that acts onX and
its action onX lifts on L, E. Moreover, we assume th@-action preserves the above connections and metrics on
TX,L,E andJ. Then KerD, is a finite dimensional representation spac&of

The action ofG on L induces naturally a moment map: X — g*. Now we assume that & g* is a regular
value of . Then the Marsden—Weinstein symplectic reducti&ig; = 1 ~1(0)/ G, wyx.) is a symplectic manifold
wheng acts freely onu—1(0). Moreover(L, VL), (E, VE) descend tdL¢, VE6), (Eg, VEG) overX ¢ so that the
corresponding curvature conditie@g RL6 = wg holds (cf. [3]). TheG-invariant almost complex structurealso
descends to an almost complex structiigeon 7 X, andh’, hE, ¢gTX descend talc, hte  gTXc respectively.
Thus we can construct the corresponding $plitac operatoDg , on Xg.

Let (KerD,,)G denote theG-invariant part of KeD,,. Let P,? be the orthogonal projection from2%*(X,

L? ® E) on (KerD,)“. The G-invariant Bergman kernel i®# % (x,x") (x,x’ € X), the smooth kernel oP?
with respect to the Riemannian volume formxdx’). Let pr; and pp be the projections fronk x X onto the
first and second factak respectively. TherPf(x,x/) is a smooth section of P, ® pr; £, on X x X with
E,=AT*®VYX)® L? ® E. In particular,Pf (x, x) € ENAE,), = End A(T*®VX) ® E),.

The G-invariant Bergman kerneﬂ’lf (x,x") is a local analytic version quer)G.

In this Note, we present several results concerning the asymptotic expansibﬁmfx’) asp — +o00. More
details will appear in [6].

2. Main results

The first result shows that one can reduce our problem to a problenunéen).

Theorem 2.1. For any openG-neighborhoodU of 1 ~1(0) in X, g > 0, [, m € N, there existLy ,, > 0 (depend
onU, go) suchthatforp > 1, x,x" € X,d(Gx,x’) >ep0rx,x' e X\ U,
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|Pl?(xv-x/)|<gm < Cl,mp_lv (1)

where%™ is the¢™-norm induced bw’, VE, vTX pL pE oTX,

Assume for simplicity thatG acts freely orp.~1(0). Let U be an open neighborhood pf~%(0) such thatG
acts freely ort/. For anyG-equivariant bundlg€F, V) on U, we denote by the bundle or// G = B induced
naturally byG-invariant sections of* on U. The connectiorV? induces canonically a connectiéi’® on Fg.

Let R"> be its curvature. We denote also pY (K) = Vi — Lk € End(F) for K € g. Note thatP¢ e (6°°(U x
U,pr; E, ®pry E4))¢*¢, thus we can viewp¢ (x, x') as a smooth section 0pr; E,)s ® (prs E5) on B x B.

Let ¢7 8 be the Riemannian metric dii/ G = B induced byg”X. Let VT2 be the Levi-Civita connection on
(T B, g"B) with curvatureR” 8. Let Ng be the normal bundle t&; in B. We identify N with the orthogonal
complement off X¢ in (T B|x,, g’ ?). Let PTX6, PNG pe the orthogonal projections frofB|x, onT X, NG
respectively. Set

TB

ThenVNG,OVTB are Euclidean connections &;, T B|x,; on X¢, andA is the associated second fundamental
form. We denote by v@tGx) (x € U) the volume of the orbitGx equipped with the metric induced ky/ X.
Following [9, (3.10)], letz(x) be the function oV defined by

h(x) = (vol(Gx))Y2. ©)
Thenh reduces to a function oB. We denote byicgx the projection froma(T*®V X) ® E ontoC ® E under

the decompositiomt (T*OV x) = C @ A>0(T*OV X), andIcgk, the corresponding projection dh

; 0 Loy 0 1L 1
Foranyxo e X, Z € Ty, B, wewriteZ = Z°+ Z—,with Z° € T,y X, Z~ € NG x,. Lett,0Z eNGYeprOG(ZO)

be the parallel transport af with respect to the connectiovi¥¢ along the geodesic iXg, [0,1] >t —
exd‘oc (tZ%). Foreg > 0 small enough, we identifg € Ty, B, |Z| < o with exp? %g (Zo)(rZoZL) € B, then for
eXPy

x0 € Xg, Z, Z' € TyyB, |Z|,|Z'| < €0, the map
. N o 1 A
W:TB|x, xTBlx, > BxB, ¥(Z,Z)= (exp:xpfoc(zo)(tzoZ ), expfxpfOG(Z/O)(rZ/oZ )

is well defined. We identif(E ,) 5,z to (E ) 5.x, by Using parallel transport with respect¥~»)# along[0, 1] >
u—uZ.letnp:TB|x, x TB|x, — X¢ be the natural projection from the fiberwise productd|x. on X¢
onto X . From Theorem 2.1, we only need to understmfdo ¥, and under our identificatioerG oW (Z,7Z)is

a smooth section of ;(ENA(E ) g) = 7} (EndA(T*®V X) ® E)p) on T B|x, x T Blx,. Let| |l (x,;) D€ the
&™ -norm on¢>® (X, EndA(T*%V X) ® E)p) induced byvCifs vEs pE andg”X. The norm| legn’ (x
induces naturally & -norm alongXg on¢*>° (T B|x,; x TB|XG,n§(End(A(T*(O*1)X) ® E)p)), we still denote
It by | |<gm’(XG)-

Let g7¥c, gNe pe the metric oif X, Ng induced byg”X. Let dvx,,, dvy, be the Riemannian volume forms

on(Xg, g'%6), (Ng, g"6). Letk € €(T B|x,, R), withk = 1 onX¢, be defined by that fa € T, B, xo € Xg,

dvg (xo, Z) = k (x0, Z) dvr, 5 (Z) = K (x0, Z) dvx, (x0) dung - 4)

Theorem 2.2. Assume thaiG acts freely onu=1(0) and J = J on p~1(0). Then there exisQ,(Z,Z)
EndA(T*®YX) ® E)p ., (x0 € X, r € N), polynomials inZ, Z’ with the same parity as, whose coefficients
are polynomials inA, RT%, RCIfts REs ,E ,Cift (resp. X, RYL RE: resp.h, RE, RL5; resp.u) and their
derivatives atxg to orderr — 1 (resp.r — 2; resp.r, resp.r + 1), such that if we denote by

PIN(Z2.2)=Q:(Z. ZVP(Z2.Z), Qu(Z.Z')=Icgk,. )
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with
T
P(Z.Z)= eXp(—E |2° = 2% — 7 V/=1{1 2°, z/°>) 22 exp(—m (1212 +12"417)), (6)
then there exist6” > 0 such that for any, m, m’, m” € N, there exist& > 0such that forg € Xg, Z, Z' € Ty, B,
1Z1,1Z'| < eo,
glaltle’|

(L+VPI1ZH +PIZ' )" sup

|| +]e/ [ <m

RYAT VA

k
(p”+”°/ 2(hc?)(2) (he ™) (2" PG 0w (2, 2)) =Y PO (/P Z.JPZ) pr/z)

r=0

" (XG)
<Cp_(k+l_m)/2(l+ﬁ|zo| +ﬁ|z/0|)2(n+k+2)+m exp(—\/F\/I_J|Z—Z/|)+ﬁ(p_oo). 7)

Furthermore, the expansion is uniform in the following serise any fixedk, m, m’, m” € N, assume that the

derivatives og” X, ht, VL, hE, VE andJ with order< 2n + 2k +m +m’ + 4 run over a set bounded in thg" -

norm taken with respect to the parameters and, more@Ve¥, runs over a set bounded below. Then the constant
C is independent of ' X; and the#” -norm in(7) includes also the derivatives on the parameters.

In (7), the term&(p~>°) means that for ank; I3 € N, there existg’; ;, > 0 such that it¥’1-norm is dominated
by C;;,p~". The kernelP(Z, Z') is the product of two kernels: alorfg, X g, it is the classical Bergman kernel on
Ty, X ¢ with complex structurd,,, while alongNg, it is the kernel of a harmonic oscillator v .

Remark 1. (i) WhenG = {1}, Theorem 2.2 has been proved in [2, Theorem'3.18
(ii) If we take Z = Z' = 0in (7), then we get fokg € X,

PO0,0)=2"2]cgp,, (8)

and

k
p"H10212(x0) PY (xo,x0) — Y P27(0,0)p ™" <cpr ©
r=0 cgm’ (XG)

In fact, (8) and (9) can be obtained as direct consequences of the full off-diagonal asymptotic expansion of the
Bergman kernel proved in [2, Theorem 3118

Remark 2. Assume tha(X, ») is a K&hler manifold and = J on X. Assume also thatL, V%), (E, VE) are
holomorphic vector bundles with holomorphic Hermitian connections. 'I?h%rpreserves th&-graduation of

20X, L’ ® E) and KerD, = HO(X, L? ® E) whenp is large enough, and 3619 (x0, x0) € ENA(E). In particu-

lar P)fc?) (0,0) = 2"9/2|d in (8). In the special case @ = C, PPG (x0, x0) is a function onX ¢, (9) has been proved

in [7, Theorem 1] without knowing the informations dn(g’)(o, 0), while in [8, Theorem 1], it was claimed that
(0)

Py’ (0,0) =1.

Let.7, be a section of End(T*®Y X) ® E) on X defined by

I (x0) = / h2(xo, Z)PPG o ¥ ((x0. Z), (x0, Z) )k (x0, Z) dung (2). (10)

ZeNg, |Z]<¢€0



X. Ma, W. Zhang / C. R. Acad. Sci. Paris, Ser. | 341 (2005) 297-302 301

By Theorem 2.1, modul@(p~), .#,(xo) does not depend atp, and

dim(KerD,)¢ = / TH[P (v, )] dux (y) = / Tr[ 7, (x0)] dvx, (x0) + O (p~%). (11)
X XG

A direct consequence of Theorem 2.2 is the following corollary.

Corollary 2.3. TakenZ = Z' € Ng,x,, m =01in (7), we get

p O PhA () PE(2,.2) =Y PP Z. P Z)p P

‘ k
r=0

" (Xg)
<Cp V(14 sp1z) " + 6 (p ). (12)

In particular, there exist, € End A(T*®VX) ® E) ., (r € N) which are polynomials imt, R7 2, RCffs  REs,

wE, nCf (resp.rX, R9U RE: resp.h, RL8, RE; resp. ), and their derivatives akg to order 2r — 1 (resp.
2r — 2;resp.2r; resp.2r + 1), and®g = IcgE,, Such that for any, m’ € N, there existLy ,» > 0 such that for
anyxp € Xg, peN,

k
Pt (x0) = Y @, (x0)p”" | < Crmp L (13)
r=0 e’

Theorem 2.4. If (X, w) is a Kéhler manifold and., E are holomorphic vector bundles with holomorphic Her-
mitian connections’’, VE, J = J on U, and G acts freely orpw=1(0), then in(13), &, (xo) € End(Eg),, are
polynomials inA, RT8, REs uE RE (resp.h, RL®; resp.u) and their derivatives atg to order2r — 1 (resp.2r;
resp.2r 4+ 1), and®q = Idg,,. Moreover

1 . 3 V=1
D1(xg) = g'}?g(’ + EAXG |Og(h|Xc) + ?

HererX¢ is the Riemannian scalar curvature 6f X, g7 %6), Ay, is the Bochner—Laplacian oK, and{e?}
is an orthonormal basis df X . )

R;%G (e?, J(;e?). (14)

Still making the same assumptions as in Theorem 2.4, denote the restriction t& ¢ of the function: defined
in (3). In view of [9, (3.11), (3.54)], setfc = h2hFa,

Let F;(G denote the orthogonal projection froff° (X, LY. ® Eg) onto H(X, LY. ® E) associated to the
metricshlc, hEc gTXc  Let ﬁ;(G (x0. x4) (x0, x4, € X¢) denote the corresponding Bergman kernel with respect
to dux (xp)-

Then by [2, Theorem 1.3], we have the following theorem.

Theorem 2.5. Under the assumption of Theoredw, there exist smooth coefficier{fs(xo) € End(Eg)x, Which
are polynomials inR7X¢, REG (resp.h), and their derivatives atg to order2r — 1 (resp.2r), and & = Idg,;,
such that for any, ! € N, there exist<; ; > 0 such that for anyg € Xg, p € N,
k
p "t PX (x0,x0) = Y Br(x0)p"| < CrupFTL (15)
r=0 4
Moreover, the following identity holds,
V=1

~ 1 1 -
D1(x0) = gi’iﬁc + ZAXG |Ogh + ?R}CEOG (6‘9, JG@?). (16)
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Remark 3. From (14) and (16), one sees that in gendrakt &1, if 1 is not constant oiX ;. This reflects a subtle
difference between the Bergman kernel and the geometric quantization.

The proof of the above theorems uses techniques adapted from [1, §11], [2,5], along with a deformaﬁon of

by the Casimir operator (i.e., to considéﬁ — pCas, which plays a key role in proving Theorems 2.1, 2.2). We
refer to [6] for more details.
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