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1. Introduction

The purpose of this paper is to study the convergence speed of the zero-divisors of
random sequences of holomorphic sections in high tensor powers of a holomorphic line
bundle endowed with a singular Hermitian metric.

Distribution of zeros of random polynomials is a classical subject, starting with the
papers of Bloch—Polya, Littlewood—Offord, Hammersley, Kac and Erdés—Turén, see e.g.,
[3-5,25] for a review and complete references. After the work of Nonnenmacher—Voros
[19,20], general methods were developed by Shiffman—Zelditch [26] and Dinh—Sibony
[15] to describe the asymptotic distribution of zeros of random holomorphic sections
of a positive line bundle over a projective manifold endowed with a smooth positively
curved metric. The paper [15] gives moreover a good estimate of the convergence speed
and applies to general measures (e.g., equidistribution of complex zeros of homogeneous
polynomials with real coefficients). These methods were extended to the non-compact
setting in [16]. Some important technical tools for higher dimension used in the previous
works were introduced by Fornaess—Sibony [17].

In [8] it was shown that the equidistribution results from [15,26] extend to the case of
a singular Hermitian holomorphic line bundle with strictly positive curvature current.

We will start with an abstract statement. For an arbitrary complex vector space V'
we denote by P(V) the projective space of 1-dimensional subspaces of V. For v € V
we denote by [v] its class in P(V). Fix now a vector space V of complex dimension
d + 1. Recall that there is a canonical identification of P(V*) with the Grassmannian
G4(V) of hyperplanes in P(V), given by P(V*) 5 [£] — He := P(ker¢) € Gq4(V), for
& € V*\ {0}. If V is endowed with a Hermitian metric, then we denote by wgs the
induced Fubini-Study form on projective spaces P(V) normalized so that ops := wd is
a probability measure. We also use the same notations for P(V*).

Fix an integer 1 < k < n. We consider on IP’(V*)’C the Haar measure oy, associated
with the natural action of the unitary group on the factors of P(V*)* (cf. (3.10)). If
€= (&,...,&) is a point in P(V*)k, denote by Hg the intersection of the hyperplanes
He, in P(V'). The following extension of Theorem 3.2 stated below can be obtained using
the ideas in [16] and [15]. This is a version of Large Deviation Theorem in our setting.

Theorem 1.1. Let (X,wx) be a compact Kihler manifold of dimension n and let V' be
a Hermitian complex vector space of dimension d + 1. Let ® : X --» P(V) be a
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meromorphic map. Then, there exist ¢ > 0 depending only on (X,wx) and m > 0
depending only on k such that for any v > 0 there is a subset E, of P(V*)* with the
following properties

(2) oup(E,) < cdme™/e.
(b) For ¢ outside E., the current ®*[H] is well-defined and

|97 [He] = @* (wit) | -2 < ym—1, (1.1)

where my, denotes the mass of the current ®*(wk,) (cf. (3.1), (3.2) for the definitions
of the semi-norm || - | =2 and mass on currents).

Consider now a holomorphic line bundle L — X on a compact Kéhler manifold
(X,wx) endowed with a singular Hermitian metric h*. Let Kx be the canonical line
bundle on X with the metric induced by wx. Let (F,h%) be an auxiliary Hermitian
holomorphic line bundle endowed with a smooth metric h". These metrics and the
volume form w? induce an L? scalar product (2.7) on the space of sections of LP @ F
and we denote by H(OQ) (X, LP ® F) the space of holomorphic L? sections (cf. (2.8)). These
spaces are finite dimensional Hilbert spaces endowed with the scalar product (2.7).

This induces Fubini-Study metrics wys and probability measures ops on the spaces
P(H &)(X ,LP ® F)) and also multi-projective metrics wye and natural probability mea-
sures g, := 0p yp ON IP’(H? (X LP @ F))¥ (see (3.10)). Consider the probability space

(Q(L, F), : ﬁ (P(H{y (X, LP @ F))*, 0p). (1.2)

Although we don’t indicate explicitly, these spaces depend on h, h¥. If F is trivial we
just write (Q (L), 000)-

We have the following equidistribution result with speed estimate for the zeros of
random L? holomorphic sections of big line bundles endowed with semipositively curved
metrics. For a holomorphic section s of a line bundle we denote by Div(s) the associated
divisor and by [Div(s)] the current of integration on Div(s). We refer to Definition 3.1
for the notion of convergence speed of currents.

Theorem 1.2. Let (X,wx) be a compact Kihler manifold of dimension n, and let L be
a holomorphic line bundle endowed with a singular metric h™ such that ci(L,h*) > 0
on X.

(i) Assume that L is big and let hE be a singular Hermitian metric on L with c1(L, i~zL) >
cwx for some € > 0. Assume that h* < ARt for some constant A > 0. Then for
Oco-almost every sequence ([sp]) € (1 (L), 0x0), (%[Div(sp)]) converges to ci(L,h)
on X as p — oo with speed O(% logp).
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(i) Let U C X be an open set such that c1(L,hY) > ewx on a neighborhood of U
for some ¢ > 0. Then for os-almost every sequence ([sp]) € (U (L, Kx),00),
(%[Div(sp)]) converges to c1(L,h™) on U as p — oo with speed O(]lJ log p).

The assumption h* < ARE in (i) means that h' is less singular than the positively
curved metric h-. Note that the assumptions in (i) and (ii) are necessary. Without them
there could be very few sections in H°(X, L?) or H°(X, L? ® Kx), respectively, that is,
their dimension could be bounded independently of p.

We consider next continuous Hermitian metrics on ample line bundles. Let L be an
ample line bundle over a compact Kéhler manifold X of dimension n. Let h{ be a smooth
Hermitian metric on L such that a = ¢1(L, h}) is a Kihler form. Let h’ be a continuous
Hermitian metric on L which is associated with a continuous function ¢ by h% = hfe=22.
We call ¢ a global weight of h. We do not assume that the curvature current c;(L, h%)
is positive (it is not of order 0 in general).

Define the equilibrium weight ¢eq associated with the continuous weight ¢ as the
upper envelope of all a-psh functions (cf. (2.1)) smaller than ¢ on X,

Goq : X = [-00,0), peqla) i=sup*{$(a) : ¥ € PSH(X,0), ¥ < on X} (1.3)

where the star denotes upper semi-continuous regularization. (The upper semi-continuous
regularization of a function 1 is ¢*(x) = limsup,,_,, ¥(y).) The equilibrium first Chern
form is defined by

Weq 1= &+ ddPeq - (1.4)

The equilibrium metric on L is given by h(fq = hle=2%ea; it satisfies ¢1 (L, hCLq) = Weq. Note
that here @eq is bounded on X since ¢ is bounded and o is a Kéhler form, so constant
functions are a-psh. Therefore, the wedge-products w(’jq, 1 <k < n, are well-defined [1].
The equilibrium measure is given by peq = we,- When X is the projective line P! and
L is the hyperplane line bundle O(1), the measure peq is a minimizer of the weighted
logarithmic energy [24].

The following result generalizes a result by Berman [2] where smooth weights ¢ were
considered. It shows that the equilibrium weight of a global Holder weight can be uni-
formly approximated by global Fubini-Study weights, with speed estimate.

Theorem 1.3. Let (X,wx) be a compact Kihler manifold, (L, h{) be an ample line bundle
endowed with a smooth metric hf such that ¢y (L, h{) is a Kihler form. Let ht = hfe=2¢
be a singular metric on L, such that ¢ is Holder continuous on X. Then the equilibrium
weight @eq 1s continuous on X. Moreover, the global Fubini-Study weights ¢, given by
(4.4) converge to @eq with estimate

1
lop — Pealloc =o(1—,10gp) | > oo, (1.5)
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where || - || denotes the supremum norm on X. In particular, for any 1 < k < n we
L

have =
p

w,’; — w(’fq on X as p — oo with speed O(% logp).

Corollary 1.4. Let (X,wx), (L,h") be as in Theorem 1.5. Let 1 < k < n. Then for
Oco-almost every sequence (Sp) € ((L),0c0), Sp = ([51(91)], e [sék)]), the sequence of
currents of integration on the common zeros # [spl =...= spk = 0] converges to wfq

on X as p — oo with speed O(% 1ogp).

The paper is organized as follows. In Section 2 we recall the notions of Bergman kernel
and Fubini-Study currents in the context of singular Hermitian metrics. In Section 3 we
describe a general setting for the equidistribution of zeros, which also delivers precise
information about the convergence speed. In Section 4 we apply these results to semi-
positive Hermitian metrics and prove Theorem 1.2. Finally, in Section 5 we consider the
case of arbitrary singular metrics and prove Theorem 1.3 and Corollary 1.4.

2. Preliminaries

Let X be a complex manifold. We assume that the reader is acquainted with the
notion of plurisubharmonic (henceforth abbreviated psh) function ¢ : X — [—o00, 00),
see [13, Ch. I (5.1)]. Recall that psh functions are locally integrable ([13, Ch. I (4.17),
(5.3)]). A function ¢ : X — [—00,00) is called quasi-psh if it is locally given as the sum
of a psh function and a smooth function.

We also assume that the reader is familiar to the notion of positive current (in the
sense of Lelong, i.e., non-negative, see [13, Ch. IIT (1.13)], [18, B.2.11]). For a positive
current 8 we write 8 > 0. If « is a closed real current of bidegree (1,1) on X we define
the space of a-psh functions as

PSH(X,a):={p: X = [~00,00) : ¢ quasi-psh, dd“t) + a > 0}. (2.1)

Here d° = 3~ (9 — 9), hence dd® = £90.
Let (X,wx) be a compact Kéhler manifold of dimension n and consider a holomorphic
line bundle L — X. Let U C X be an open set for which there exists a local holomorphic
frame ey, : U — L.
Let h” be a smooth Hermitian metric on L. Recall that the first Chern form ¢, (L, h*)

of h is defined by

i
ei(L,hY) |, = —dd®log|er|pr = 5 RE, (2.2)

where R” is the curvature of the holomorphic Hermitian connection V¥ on (L, h%).
If A is a singular Hermitian metric on L then we set

leslhe = 7%, (2.3)
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where the function ¢ € L}, (U) is called the local weight of the metric h with respect to
the frame ez, (see [10], also [18, p. 97]). The curvature of A%,

ci(L,hY) |, = dd°p, (2.4)

is a well-defined closed (1,1) current on X. The cohomology class of c¢;(L,h") in
HY1(X,R) does not depend on the choice of h%. This is the Chern class of L and
we denote it by ¢1(L).

We say that the metric A is semipositively curved if ¢;(L, h%) is a positive current.
Equivalently, the local weights ¢ given by (2.3) are (equal almost everywhere) to psh
functions. Recall that a line bundle L is said to be pseudoeffective if it admits a (singular)
semipositively curved metric h% (see [10]).

Let L be a holomorphic line bundle and h§ be a smooth metric on L. Set o = ¢; (L, h).
Let us denote by Met™ (L) the set of semipositively curved metrics on L. There exists a
bijection

PSH(X,a) — Met* (L), ¢+ hZ =h{e 2, (2.5)

and ¢1(L, hl) = a + dd°p.
Let (F, hf") be an auxiliary Hermitian holomorphic line bundle endowed with a smooth
metric h¥". We denote by

hp = (h")®P @ AT, (2.6)

the metric induced by h”, h¥ on LP® F. Consider the space L?(X, L?® F) of L? sections
of LP @ F relative to the metric h, and the volume form w’% on X, endowed with the
inner product

(5,8 = /(s, s'Vp, Wk, where s,s' € L*(X,LP® F). (2.7)
X

We let [|s]|2 = (s, s),. Let us denote by
HY) (X, L & F) := {s cLX(X,[’®F):s holomorphic} (2.8)

the space of L2-holomorphic sections of LP? ® F'. In the same way, let L,217T(X7 LP® F) be
the space of L2-integrable (g, r)-forms with values in LP @ F relative to hp and wx. We
will add ‘loc’ for spaces of locally L?-integrable forms when X is not compact.

For a section s € H&)(X7 L? @ F) we denote by Div(s) the divisor defined by s (cf.
[18, (2.1.4)]) and by [Div(s)] the current of integration on Div(s) (cf. [13, Ch. IIT (2.5)],
[18, (B.2.16)]). Note that for two non-zero elements s, s’ € H&) (X, L? ® F) which are
in the same equivalence class in IP’(H&)(X, L? ® F)) we have Div(s) = Div(s), so Div is

well-defined on P(H, (X, LP ® F)).
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Assume now that (L, h”) is a holomorphic line bundle endowed with semipositively
curved singular metric. Denote by ¥ C X the set of points where h” is not bounded. This
set has zero Lebesgue mass. Let {s} ?’;1 be an orthonormal basis of H?Q)(X7 LP @ F).
Let B, be the Bergman kernel function defined by

dp
By(z) =) Ish(@)f},, ¢€X\3, (2.9)
j=1

where h,, is given by (2.6). Let s} = ffe%p ® ep, where 7 € O(U) and er, er are
holomorphic frames of L, F on U. Let ¢’ be the local weight of hf with respect to ep,
defined as in (2.3). Then on U \ ¥ the following holds

dp
log B :log(Z|fJP|2)72p<pf2<p’. (2.10)

j=1

The right-hand side of (2.10) is a difference of psh (hence locally integrable) functions

1

on U, so defines an element in L;

LY X, wh).
The Kodaira map is the meromorphic map given by

(U,w%). Therefore, log B, defines an element in

D, X - P(Hp) (X, LP @ F)*),

(2.11)
O, (x) ={s € Hipn(X,LP @ F) : s(x) =0}, © € X \ Bs,,

where a point in P(H, ?2)(X ,LP @ F)*) is identified with a hyperplane through the origin
in H(Oz)(X, LP@F)and Bs, ={r € X : s(z) =0for all s € H?Q)(X,L”@F)} is the base
locus of H?Q)(X7 LP @ F). We define the Fubini-Study currents by

wp = P (wrs), (2.12)

where wrs denotes the Fubini-Study (1, 1)-form on }P’(H&)(X, LP @ F)*). They are pos-
itive closed (1,1)-currents obtained by pulling back the Fubini-Study form wys. The
current w, is in fact given by an L'-form on X, which is smooth outside the set of
indeterminacy of ®,, see Lemma 2.1 below. We have

dp
wp o= dTog (D2 172P) (2.13)

j=1

hence by (2.10)

1
5 dd°log By = w, —pe (L, hE) — e (F,hF). (2.14)
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We used above the following basic property that we will give a proof for the reader’s
convenience.

Lemma 2.1. Let ® : Y --3» Z be a meromorphic map between two compact complex
manifolds Y, Z of dimensions £ and m respectively. Let o be a smooth (q,r)-form on Z
with 0 < q,r < min(¢,m). Then the (q,r)-current ®*(a) on Y is well-defined and given
by a (q,7)-form with L' coefficients which is smooth outside the indeterminacy set of ®.

Proof. Recall that for a meromorphic map ® : Y --s Z ([18, Definition 2.1.19], [22])
there is an analytic subset I of Y such that ® is holomorphic on Y \ I and the closure
of the graph of ® over Y \ I is an irreducible analytic subset of dimension ¢ of Y x Z,
called the graph of ®. The smallest set I with this property is called the indeterminacy
set of ®. Since Y is a manifold, T is of codimension at least two [22, p. 333]. Denote by
" the graph of ®. It defines, by integration on its regular part reg(I'), a positive closed
current [I'] of bi-dimension (¢,¢) in Y x Z [13, p. 140].

Denote by my, 7z the natural projections from Y x Z to Y and Z respectively. The
pull-back ®*(«) is defined by

*(a) = (my)«(mz(a) A [T]). (2.15)

This is the formal definition for any current «. It makes sense when the wedge-product
in the last expression is well-defined because here the operator (7y ). is well-defined on
all currents. In our setting, since 7% () is smooth, the current ®*(«) is well-defined.
More precisely, if 3 is a smooth form of bidegree (¢ — ¢, —r) on Y then

(@* (). ) = / 73(0) A3 (B). (2.16)

reg(I")

Note that the 2¢-dimensional volume of I' is finite [13, p. 140].

Formula (2.16) shows that the current ®*(«) extends continuously to the space of test
forms B with continuous coefficients. So ®*(«) is a current of order 0. If V' is a proper
analytic subset of Y, then I'N 7'(';/1(‘/) is a proper analytic subset of ', so I'N ﬂ;l(y) has
zero 2(-dimensional volume. Therefore, the last formula implies that ®*(«) has no mass
on V, in particular, this current has no mass on the indeterminacy set I.

If 8 has compact support in Y \ I, since my defines a bi-holomorphic map from
'\ 7y (I) to Y \ I, the last integral is equal to the integral on Y \ I of the form
(my )«(mz)* () A B. The last expression is equal to (®[y\7)*(a) A 3, where (®|y\7)* ()
is the pull-back of the smooth form «a by the holomorphic map ®|y- ;. We conclude that
the current ®*(a) is equal on Y\ I to the smooth form (®|y\7)*(«). Finally, since ®*(a)
is of order 0 and has no mass on I, the form (®|y;)*(c) has L' coefficients and is equal,
in the sense of currents on Y, to ®*(«). This completes the proof of the lemma. O
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Note that the lemma can be extended to meromorphic maps between open manifolds
provided that my is proper on wgl(supp(a)) N T. Moreover, by definition, if « is closed
and/or positive then ®*(a) is also closed and/or positive.

3. Abstract setting for equidistribution

We will only consider the case of compact Kahler manifolds but it is certainly easy
to extend the results to the case of manifolds of Fujiki class and even open manifolds
satisfying some properties of concavity.

Let (X,wx) be a compact Kéhler manifold of dimension n. Recall that we can intro-
duce several semi-norms on the set of currents of order 0 on X. If U is an open subset
of X, « is a strictly positive number and T is a current of order 0 on X, define

1Tl = sup (T, u)] (3.1)

where the supremum is taken over smooth test forms u with support in U and such that
their €*-norm satisfies ||u|lge < 1.

For simplicity, we will drop the letter U when U = X. In this case, || - |- is a norm
and the associated topology coincides with the weak topology on any set of currents with
mass bounded by a fixed constant. We will only consider the case & = 2 and we will be
interested in estimates on || - ||y,—2. The other cases can be obtained as a consequence,
e.g., if & < 2, we can use the theory of interpolation between Banach spaces [15,28].

Definition 3.1. Let (¢,) be a sequence of positive numbers converging to 0. Let {7}, :
p € N} and T be currents on X with mass bounded by a fixed constant. We say that
the sequence (T},) converges on U to T with speed (cp) if HTP — THU’_2 < ¢p for p large
enough. We also say that the sequence converges with speed O(c,) if it converges with
speed (Cc,) for some C' > 0.

Recall that a current of order 0 is an element in the dual of the space of continuous
forms. The mass of such currents is the norm dual to the ° norm on forms. However, for
a positive (g, g)-current 7" on (X,wx), it is more convenient to use the following notion
of mass

1T = (T, (3.2)

which is equivalent to the above mass-norm. The advantage is that when T is positive
closed, its mass only depends on its cohomology class in H9(X,R).

The following result was obtained in [16, Theorem 4], where we assumed that the map
® has generically maximal rank n, but the proof there is valid without this condition.

Theorem 3.2. Let (X, wx) be a compact Kihler manifold of dimension n and let V' be
a Hermitian complex vector space of dimension d + 1. Consider a meromorphic map
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®: X --» P(V). Then there exists ¢ > 0 depending only on (X,wx) such that for any
v > 0 there is a subset E,, of P(V*) with the following properties:

(2) ops(Ey) <cd?e/e,
(b) For ¢ outside E., the current ®*[H¢] is well-defined and

H(b*[Hﬁ]_q) Wrs H 5 S (3.3)

Consider now holomorphic Hermitian line bundles (L,h%), (F,h%) such that hl is
a singular Hermitian metric. We have H( )(X, LP @ F) C HY(X,L? @ F), thus d, :=
dim H&)( LP @ F) < co. We assume that d, > 1. Note that there exists C' > 0 such
that d, Cp” for all p € N, where C > 0 is a constant depending only on (X, wx),
c1(L), cl(F ). This follows from the holomorphic Morse inequalities [18, Theorem 1.7.1]
or the Siegel Lemma [18, Lemma 2.2.6].

We have the following consequence of the above result (compare also [16, Theorem 2J).

Corollary 3.3. Let (X,wx) be a compact Kihler manifold of dimension n and let (L, h%)
be a singular Hermitian holomorphic line bundle on X . Let (F, h'') be a holomorphic line
bundle with smooth Hermitian metric. Then there is ¢ = ¢(X, L, F') > 0 depending only
on (X,wx) and c1(L), c1(F), with the following property. For any sequence of positive
numbers \p, there are subsets E, C IP’(H?Q) (X,L? ® F)) such that for p large enough

op(Ep) < ch"e_)‘P/C7 (3.4)
|| [Div(s)] — pr72 < Ap, forany [s] € IP(H(OQ) (X, LP @ F))\ E, . (3.5)

Let (\p) be a sequence of positive numbers such that

lim inf
p—oo logp

> (2n+ 1)c. (3.6)

Then for 0 -almost every sequence ([sp]) € Q1 (L, F), the estimate (5.5) holds for s = s,
and p large enough.

Proof. We apply Theorem 3.2 for V = H?Z)(X, LP? @ F)* and for ® = ®,, where &), is
the Kodaira map (2.11). The first assertion is a direct consequence of Theorem 3.2. We
prove now the second assertion. The hypothesis (3.6) on A,/logp and (3.4) guarantee

that

o0 oo 1
Y op(Ey) <Y~ <
p=1

p=1 P

for some ¢’ > 0 and § > 1. Hence the set
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E ={([sp])) € U(L,F) : [s] € E, for an infinite number of indices p}  (3.7)
satisfies 0o (E) = 0. Indeed, for every N > 0, it is contained in the set
{([sp)) € U(L,F) : [s,] € E,, for at least one index p > N}

which is of o,,-measure at most equal to

> op(Ey) <> z% = O(N'79). (3.8)
p=N p=N

Therefore, the second assertion of the corollary follows. O
We easily deduce from Corollary 3.3 the following.

Corollary 3.4. Let (X,wx) be a compact Kihler manifold of dimension n and let (L, h*)
be a singular Hermitian holomorphic line bundle on X. Let (F,hY") be a holomorphic
line bundle with a smooth Hermitian metric. Let ¢ = ¢(X, L, F) be the constant given by
Corollary 3.5 and let (A\p) be a sequence of positive numbers satisfying

A A
liminf —— > (2n+1)c, lim “2 =0. (3.9)
p—oo logp p—oo P

Let U C X be an open set. Assume that (I—I)wp) converges to a current © in U with
speed (¢p). Then for ooo-almost every sequence ([sp]) € Q1 (L, F), (%[Div(sp)}) converges
to © on U with speed (cp + %) as p — 0.

We consider now products of projective spaces. Let 7; : P(V*)F — P(V*),i=1,...,k,
be the canonical projections from the multi-projective space P(V*)* ~ (P4)* onto its
factors. As usual we denote by wgs the Fubini-Study form on P(V*). Consider the Kahler
form and volume form on P(V*)*,

k

Wap = Cd k Z 7 (wps), Onp i= whd | (3.10)
i=1

where cq, ) is the positive constant so that the volume form oy defines a probability
measure. The constant cq j, is given by the formula

= (Y1) () - o)

n,—n

Using Stirling’s formula n! >~ v/2rnn™e™", one can show that cqx is smaller than 1 and
larger than a strictly positive constant depending only on k. The measure oy is the
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Haar measure associated with the natural action of the unitary group on the factors
of P(V*)k.

We give now the proof of Theorem 1.1. Recall that a quasi-psh function is locally
the difference between a psh function and a smooth function. A quasi-psh function v on
]P’(V*)k is wyp-psh if it satisfies dd“u > —wyp, i.e., ddu + wyp is a positive current. We
need the following result from [15, Proposition A.9].

Lemma 3.5. There are ¢ > 0, o > 0 and m > 0 depending only on k such that if u is an
wWyp-psh function on P(V*)¥ with fudaMp =0, then

u<c(l+logd) and oyp{u < —t} <cd™e ™ for t>0. (3.12)

Lemma 3.6. Let X be a closed subset of P(V*)¥ and let u be an L' function which is
continuous on P(V*)*\ X. Let «y be a positive constant. Suppose there is a positive closed
(1,1)-current S of mass 1 on P(V*)* such that —S < dd°u < S and fudJMp = 0.
Then, there are ¢ >0, a > 0, m > 0 depending only on k and a Borel set E' C P(V*)k
depending only on S and vy such that

oup(E') <cd™e™ ™ and |u(a)| <y for a¢ ZUE'. (3.13)

Proof. By Kiinneth’s formula, the cohomology group H!'(P(V*)* R) is generated by
the classes of 7} (wps) with ¢ = 1,..., k. Therefore, there are A; > 0 such that the class
{S} of S is equal to Y N\i{m}(wrs)}. The mass of S can be computed cohomologically.
If we identify the top bi-degree cohomology group H*¥F(P(V*)k R) with R in the
canonical way, this mass is equal to the cup product {S} « {wyp }*?~! and then a direct
computation gives

i)\i(cat,k)kd_l<d;__1l)(dkd_ d) (2;) = i)\i(cd,k)_lk_l- (3.14)

We used here that {wps}? =1 in H%4(P(V*),R) ~ R. Since ¢4 < 1 and S is of mass 1,
we deduce that \; < k.
By the dd®-lemma [18, Lemma 1.5.1], there is a unique quasi-psh function v such that

E
dd‘v =8 — Z Al (wps)  and /vdaMp =0. (3.15)

i=1

We have dd®v + Awyp > S for some constant A > 0 depending only on k. Define w :=
A7 (u+v). We have dd“w > —wyp. Since u is continuous outside X, the latter property
implies that w is equal outside ¥ to a quasi-psh function. We still denote this quasi-psh
function by w. Applying Lemma 3.5 to w instead of u, we obtain that

u=w—v<cA(l+logd)—wv. (3.16)
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Let E’ denote the set {v < —y + cA(1 + logd)} which does not depend on u. Clearly,
< v outside X U E’. The same property applied to —u implies that |u| < ~ outside
E U E’. It remains to bound the size of E’. Lemma 3.5 applied to A~ !v yields

our(E') < ed™exp (— ad™'y + ca(l + logd)). (3.17)
This is the desired inequality for (other) suitable constants ¢, and m. O

End of the proof of Theorem 1.1. Let ® : X --» P(V) be a meromorphic map and let
I' C X x P(V) its graph. We define

X = {(x,6) € X x P(V*)*: 3v € P(V) such that (z,v) € T, v € H}. (3.18)

Recall that for & = (¢1,...,&) € P(V*)* we denote He = He, N...N Hy, the intersection
of the hyperplanes He, in P(V'). The set Xisa compact analytic subset in X x P(V*)¥,
of dimension n + (d — 1)k. Let II; and IIs denote the natural projections from X onto
X and P(V*)¥ respectively.

Lemma 3.7. Let ¥ C P(V*)¥ be the set of points & such that xXn 151 (&) # 0 and one of
the following properties holds:

(a) dim He > d —k;

(b) dim X NII; () > n — k;

(c) dimHe =d—k, dim X NII; 1 (&) = n — k but the last intersection is not transversal
at a generic point.

Then X is contained in a proper analytic subset of P(V*)¥.

Proof. If I, is not surjective, the lemma is clear because X is contained in IIy ()N( ) which
is a proper analytic subset of P(V*)*. Assume that Il is surjective. So Xﬂl‘[;l (&) # 0 for
every £. Observe that the set X of ¢ satisfying (a) is a proper analytic subset of P(V*)¥,
Thus, we only consider parameters & outside ;.

Let 7 : X — X be a singularity resolution for X and define H2 := Il o 7. The
last map is a holomorphic surjective map between compact complex manifolds. So by
Bertini-Sard type theorem, there is a proper analytic subset X5 of P(V*)* such that ﬁg
is a submersion outside ﬁz_ 1(25). Indeed, X is the set of critical values of II, which is
analytic. Sard’s theorem implies that it is a proper analytic subset of P(V*)*. It follows
that for £ ¢ %1 U X5 the fiber ﬁ;l(g) has dimension n — k, i.e., the minimal dimension
for the fibers of II,. So IT, (&), which is the image of f[;l(f) by 7, is also of minimal
dimension n — k. Therefore, such parameters £ do not satisfy (b).

Let E denote the exceptional analytic subset in X , i.e., the pull-back of the singu-
larities of X by 7. Since dim E < dim X , arguing as above, we obtain a proper analytic
subset X3 of P(V*)¥ such that for ¢ outside 3, the dimension of E N f[;l(f) is at most
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equal to n — k — 1. Since 7 is locally bi-holomorphic outside E, for £ ¢ X1 U Xy U X3,
the intersection X N I, (¢) is transverse outside the image by 7 of E N ﬁ;l(f), which
is of dimension at most n — k — 1. Such parameters £ do not satisfy (c). The lemma
follows. O

From now on, we only consider ¢ € P(V*)¥\ ¥, where ¥ is defined in Lemma 3.7. The
current [(II3)*(€)] is then well-defined and we have

O [He] = (1), ([(TT2)"(€)])- (3.19)

There exists C' > 0 such that for any test smooth real (n — k,n — k)-form ¢ on X

with [J]|¢2 < C we have

—w?{l’”l <dd°p < w?{kﬂ. (3.20)

Take such a ¢ and define v := (Ilg).(I1;)* (). This is a function on P(V*)* whose value
at £ € P(V*)*\ ¥ is the integration of (II)*() on the fiber IT; (). So, we have

v(§) = (@7 [Hel, ¢) - (3.21)

Hence, v is continuous on P(V*)*\ 3. Since the form wys on P(V) is the average of [H,]
with respect to the measure org on §; € P(V*), the average of [H¢] with respect to the

k

measure ay;p on & € P(V*)* is equal to wk,. Thus, the mean value of v is

M, = /’UdO'Mp = (®*(wk,), ). (3.22)

So we need to prove that |v — M,| < ymg_1 outside a set E, of op-measure less than
cd™e=7/¢ which does not depend on . This implies Theorem 1.1.
Define

T = (Ily), (I1;)* (W F 1. (3.23)

This is a positive closed (1,1)-current on P(V*)¥ and we have, thanks to the above
property (3.20) of dd®yp, that

~T < ddv < T. (3.24)

Let 9 be the mass of T. We can apply Lemma 3.6 to the function u := 97 (v — M,),
S := 97T and to 9~ 'ymy_; instead of v. We can take E, = ¥ U E’ which does not
depend on . Since X% is of measure 0, in order to get from Lemma 3.6 the desired
estimate on oyp(Ey) = one(E'), it is enough to show that 9 is bounded above by my_1
times a constant which only depends on k.
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We have

I = () (Mn)* (Wi )0t ™) = (Wi (M) ()" (Wi ). (3.25)

Let IPT(T//) denote the set of points (z,§) € P(V) x IP’(V*) such that x € He, for every i.
Denote by IT} and IT, the natural projections from IP(V) onto P(V) and P(V*)*.
construction, we have

(T (M) * (wyip ™) = @ (1) (IT3) " (wip ™). (3.26)

By definition of my_1, it is enough to check that (IT}).(I15)* (wk%~1) is bounded by wk; !
times a constant depending only on k.
We obtain with a direct computation

whd=1 = 0%;1 ( dj_—ll ) <dkd— d) . (2d> zk: (car) 1! Z o, (3.27)
where

0, =i (wih) A AT (W) AT (WIT Y AT (W) AL AT (3.28)

We will show that (IT}).(I15)*(0;) = wk! and this implies the theorem.

For simplicity, assume that ¢ = 1. Since (IT}), (I )*(@1) is invariant under the action
of the unitary group, it is equal to a constant times w¥; 1. So we only have to check that
the constant is 1 or equivalently the mass of (I} ). (II5)* (@1) is 1. Recall that the mass of a
positive closed current depends only on its cohomology class. Therefore, in the definition

d I with the current of integration on a generic projective line ¢

of O, we can replace w
and each wFs with the Dlrac mass of a generic point, say &;, for j = 2,..., k. The current

O is in the same cohomology class as the current of integration on

Ex {6} x - x {6}

that we denote by ©].

It is not difficult to see that (IT}).(I15)*(©}) is the current of integration on the
projective subspace He, N Hg, N...N He, . So it is clear that its mass is equal to 1. This
completes the proof of the Theorem 1.1. O

The following property of the constants my, is useful.

Lemma 3.8. There is ¢ > 0 depending only on (X,wx) such that mj, < cm¥ for 1 <
k<n.

Proof. Observe that by Lemma 2.1, the currents ®*(wk,) are given by L' forms and
they are smooth on some Zariski open set U of X where ® is holomorphic. Moreover,
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we have ®*(wk,) = ®*(wps)* on U. Since ®*(wk,) is given by an L' form, it has no mass
outside U.

By [14, Lemma 2.2], there is C' > 0 depending only on (X, wx ) such that if T and S are
positive closed currents on X which are smooth in an open set U then the mass | TA S|
of TAS on U is bounded by C||T||||S]|. By Skoda’s extension theorem [27, Théoreme 1],
positive closed currents of finite mass can be extended by 0 through analytic sets. So if
U is a Zariski open set, the form T' A S extends by 0 to a positive closed current on X
with mass bounded by C||T||||S]|. This allows us to apply inductively the mass estimate
for T'A S to the case of product of several positive closed currents.

Observe that ®*(wk,) = ®*(wps) A @*(wk 1) on U, so, by induction on k, we deduce
from the above discussion that m; < C’kilm’f. The lemma follows. 0O

In the case where V = H(OQ) (X,L? ® F)*, we have m; = O(p) and therefore
my, = O(p*). This together with Theorem 1.1 imply the following corollary. Consider the
Kodaira map ®, : X --» ]P’(H(OQ) (X,LP ® F)*) defined in (2.11). The pull-back ®%(wf;)
of the current wf is given by an L' form equal to wf on a dense Zariski open set (here

wp is the Fubini-Study current (2.12)).

Corollary 3.9. There are ¢ = ¢(X,L,F) > 0 and m = m(X, L, F) > 0 depending only on
(X,wx) and c1(L), c1(F), with the following property. For any sequence A,, there are
subsets E, of }P’(H?Q) (X, LP ® F))¥ such that for p large enough

(a) 0p(Ep) < cpmev/e.
(b) For S, = ([sz()l)], cee [sék)]) in IP’(H&)(X, LP ® F))*\ E,, we have
1 k 1 * k A
In particular, when
liminf =2 > (m + 1) (3.30)
p—oo logp ’ '

for ooc-almost every sequence (S,) € Qi (L, F), the above estimate holds for p large

enough. If #@;(wﬁs) converge to a current © in some open set U with speed (c,) as

p — oo, then # [5;1) =...= s;,k) = O] converge to O on U with speed (cp + /\p/p) as

D — 0.

Note that the constants in the corollary can be chosen independently of k£ because
1 <k <n=dimX. The corollary can be applied in the situation of Corollaries 1.4 and
4.4. In that cases, we have O, = c;(L, h*)* on U.
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4. Semi-positive curved metrics on big line bundles

Let (X,wx) be a compact Kihler manifold of dimension n. Let (L, h%) be a holomor-
phic line bundle endowed with a singular metric hX. Fix a smooth Hermitian metric h}
on L and let o = ¢;(L, h) denote its first Chern form. We can write

bt = e 2°hf e, |5l = |s|,2lge*2“" for any section s of L, (4.1)

where ¢ is an L! function on X with values in RU{£oc0}. We assume that the curvature
of h% is semipositive, that is, ¢; (L, k%) = dd°¢ + a is a positive current. So the function
@ is a-psh, i.e., p is quasi-psh and satisfies dd°¢p > —a. Define

w:=ci(L,h*) = dd°p + a. (4.2)

We also assume that the line bundle L is big. So, there is a metric
hE = e 2 pk (4.3)
such that ' := dd°¢’ + a > cwx for some € > 0 (cf. [18, Theorem 2.3.30]). Let B, be

the Bergman function in (2.9) associated with (L?, (h%)®P). The function

1
Yp =+ » log By (4.4)

is quasi-psh and by (2.14) satisfies

1
Ewp =dd°pp + (4.5)

where w,, are the Fubini-Study currents (2.12). We call the functions ¢, global Fubini-
Study weights.

We will use the L?-estimates of Andreotti-Vesentini-Hoérmander for 0 in the following
form (cf. [9, Théoreme 5.1]).

Theorem 4.1 (L?-estimates for 0).

(i) Let (X,wx) be a Kdihler manifold of dimension n which admits a complete Kdhler
metric. Let (L, h%) be a singular Hermitian holomorphic line bundle and let A : X —
[0,4+00) be a continuous function such that ci(L,h*) > dwx. Then for any form
g€ L2 (X, L,loc) satisfying

By=0. /A‘l\g\gw} < 400 (4.6)
X

there exists u € L2 (X, L) with du = g and
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Jlulex < [atigP . (4.7
X

X

(ii) Let (X,wx) be a complete Kihler manifold of dimension n and let (L,h*) be a
singular Hermitian line bundle. Assume that there exists C > 0 such that

Cl(L7hL> + C1(K}k{7hK}) > Cwx

where hx is the metric induced by wx on the anti-canonical bundle K%. Then for
any form g € L3 (X, L) satisfying g = 0 there exists u € L3 o(X, L) with

gAY n 1 n
Ju=g, /W%wga/M%x (48)
X X

We will also need the following.

Lemma 4.2. Let ¥ be a negative psh function on a neighborhood of the unit ball B in C™.
Define

W'(2) == sup 1), (4.9)

B(z,p")

where B(z, p*) denotes the ball of center z and radius p*. Then there is ¢ > 0 depending
on ¥ such that for p small enough

Wdz| > | [ pdz| - cp, (4.10)
[ | foir] -

where dZ denotes the Lebesgue measure on C™.

Proof. In the last integral, we can replace B by B(0,1 — 2p?) because by Cauchy—
Schwarz inequality, the associated error is O(p); we use here that psh functions are
locally L2-integrable. So, we have to prove that

’/w'dz‘ > ’ / quz‘ _cp. (4.11)
B B(0,1-2p2)
It is enough to check for some (other) constant ¢ and for p small enough that
‘/1//(12‘ >(1- cp)( / de’. (4.12)
B B(0,1-2p?)

We claim that
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p o / Y'dZ < (1—cp)p™ " / YdZ. (4.13)

B(z,p*) B(z,0%)

The inequality can be rewritten as

oo [ ez <-apt [ weroize. @

B(0,p%) B(0,p?)

Recall that ¥ and v’ are negative. Therefore, taking integrals in z of both sides of the
last inequality over B(0, 1 — p?) and using Fubini’s theorem for the variables z and ¢, we
obtain the desired inequality (4.12). It remains to prove the claim.

Fix = in B(z, pt). It is enough to check that

Y (x) < (1 —cp)nlm"p=in / YdZ. (4.15)
B(z,p?)
Note that the last expression is 1 — cp times the average of ¥ on B(z, p?).

By definition, there is y € B(z,2p*) such that ¢ (y) = v/(z). So, there is a holomor-
phic automorphism 7 of B(z,p?) such that 7(y) = z and |7 — id||¢x = O(p) (cf. [23,
pp. 25-28]). Applying the sub-mean inequality to the psh function 1 := o7~ ! at z we
have

W (@) = (z) <nla"p 4" / YdZ =nla~"p~4n / Y1*(dZ).  (4.16)
B(z,p?) B(z,p?)
Observe that since |7 — id||41 = O(p),
7(dZ) > (1 —cp)dZ (4.17)

for some ¢ > 0. The lemma follows. O

The following result gives us a situation where Corollary 3.3 applies. It refines |8,
Theorem 5.1], where it is shown that % log B, — 0 in L'(X,w%) for the Bergman kernel
B, on powers LP of a big line bundle L over a compact Kéhler manifold (X, wx).

Theorem 4.3. Let (X,wx) be a compact Kaihler manifold of dimension n. Let L be a big
holomorphic line bundle and let h, KL be singular Hermitian metrics on L such that
ci(L,ht) > 0 and Cl(L,TLL) > cwx for some e > 0. Assume there is A > 0 such that
Wt < AhL. Then

HlongHLl(X) =O0(ogp), p— . (4.18)

1
Hence —w, — ¢1(L,hY) as p — oo with speed O(% logp).
p
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Proof. Since we work only on L, we set in this proof for simplicity h = h%, h=h. Let
x € X and Uy C X be a coordinate neighborhood of z on which there exists a holomor-
phic frame ey, of L. Let 1) be the psh weight of h on Uy relative to ey, |er|? = e™2¥.
Likewise, let ¢’ be the psh weight of i on Uy relative to ey, |eL|% = ¢~ 2% Multiplying
the section ey with a constant allows us to assume that ¥ < 0. Fix ro > 0 so that
the ball V' := B(z,2rg) of center z and radius 2rg is relatively compact in Uy and let
U := B(x,rg). By [8, Theorem 5.1] and its proof (following [11]) there exists C; > 0 so
that

log B,(z) < log(Cyr—2") + 2p( sup ¢ — w(z)) (4.19)
B(z,r)

holds for all p > 1, 0 < r < rg and z € U with ¥(z) > —oo.

Choose r = 1/p*. By applying Lemma 4.2 to 1) we obtain from (4.19) that the integral
on U of the positive part of the right hand side of (4.19) is smaller than Cslogp + Cs
for some Cy > 0. Hence, in order to prove (4.18) it remains to bound the negative part
of log B,,.

Multiplying h with a constant allows us to assume that A = 1. So we have h < h and
1" < 1. Consider an integer pg (to be chosen momentarily). Write LP = LP~Po @ LPo and
consider on LP, p > pg, the metric

H, := h®P=p0) @ p@ro .= p2P, (4.20)
Then
c1(LP, Hy) = (p — po)er (L, h) + poei (L, h) > pocwx . (4.21)

The weight of the metric H, with respect to the frame 6%17 is ¥, := (p — po)¢ + pot)/
and we have |ef”|}, = e 2Tr.

Following [12, Section 9], we proceed as in [8, Theorem 5.1] to show that there exist
C7 > 0 and po € N such that for all p > py and all z € U with ¥,(z) > —oco there is a

section s, € H&)(X, LP) with s, p(2) # 0 and
[ 1s2slin w5k < Calsn()f, (4.2
b'e

Let us prove the existence of s, , as above. By the Ohsawa-Takegoshi extension
theorem [21] there exists C’ > 0 (depending only on z) such that for any z € U and any
p € N one can find a holomorphic function v, , on V with v, ,(2) # 0 and

[ loeslPe s < Gl )P, (1.29
1%
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The function v, , can be identified to a local section of L” satisfying an estimate similar
o (4.22).

We shall now solve the d-equation with L?-estimates in order to modify v, , and
get a global section s, , of L? over X. Let 6 € ¥°°(R) be a cut-off function such that
0<6<1,0() =1for|t| <3, 0(t) =0 for |t| > 1. Define the quasi-psh function ¢. on
X by

(4.24)

n9(|y Zl)log ly= z‘, for y € Uy,
e=(y) =
0, forye X\ B(z,710).

We apply Theorem 4.1 (ii) for (X,wx) and (L?, H, e~ ¥=). Note that there exists C3 > 0
such that dd®p, > —Cswx for all z € U. We have
c1(LP, Hye ?%) = (p — po) e1 (L, B*) + po cr (L, hY) + dd®p, > (poe — Cs)wx . (4.25)
Since py is large enough, we have (poe — C3)wx + c1 (K%, hEX) > Cywx. Thus,
c1(LP, Hye™%%) + ¢ (K, h5x) > Cywx,  for any p > po. (4.26)

Consider the form

g€ L3, (X, LP), g =0(vs, 0(1=2)eF?), (4.27)

To

which vanishes outside V' and also on B(z,79/2). By (4.23), (4.27) and ¥,(z) > —o0, we
get

>|2 —2\I/pe 2<psz

Jlab 2w = [ o PiEacs
X

V\B(z,r0/2) (4 28)

< C”/|Uz,p|2€_2\ppw?< < c"c’ |,UZ7P(Z)|2€—2\IJP(Z) < o0,

where C” > 0 is a constant that depends only on x. By Theorem 4.1 (ii), (4.26) and
(4.28), for each p > pg there exists u € Lg,o(X» LP) such that du = g and

/ Ul e 20 Wl < / 92, e 2w (4.20)

Since g is smooth, u is also smooth. Near z, e~ 2¢=(¥) = 73" |y — 2| 72" is not integrable,
thus u(z) = 0. Define

Sap = 0sp0( ‘y;()z‘)e%p - u. (4.30)

Then
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0s.p =0, 8.p(2) =0.5(2)e5P(2) #0, 5., € H(OQ) (X, LP). (4.31)

Since ¢, < 0 on X, by (4.23), (4.28), (4.29) and (4.30), we get

Jlsealt i <2( [lopPer?ug + [ lufy, e g
X \4 e

C// _ R
<20 (14 G ) Pep@Pe ) = Cilsoy (o),

with a constant C; > 0 that depends only on x. This concludes the proof of (4.22).
By dividing both sides of (4.22) by a constant, we obtain the existence of sections
s.p € H°(X,LP), p > po, such that

1
[lssali et =1, Isal@), = & (432)
X
Since h > h, the first property of (4.32) and (4.20) imply
2 n
/‘3z7p|hp wy < 1. (4.33)
X

Then (4.1), (4.3), (4.20) and the second property of (4.32) yield
502 > CFle2m GV Z o2l (=) (134)

Recall now (see e.g., [8, Lemma 3.1]) that

By(z) = max{|s(z)l5, : s € Hy (X, L7), |lsll, =1}

i ) (4.35)
= max{|s(z)[s, = s € Hig) (X, LP), [|s]l, <1}
It follows from (4.33)—(4.35) that there exists C5 > 0 such that
log Bp(2) > log |5z p(2)[7, = 2p0(#'(2) — ¢(2)) — Cs =:1(2), (4.36)

where n € L' (X,w%), n < 0. Hence log B, > 7 a.e. on X. The result follows. 0O

Corollary 4.4. Let (X,wx) be a compact Kéihler manifold of dimension n. Let L be a big
holomorphic line bundle and let k™, h* be as in Theorem 4.3. Let U be an open subset
of X.
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(i) Assume that the global weight ¢’ of KL given by (4.3) is bounded on a neighborhood
of U. Then

1
oo = el =0 (S 1o8p) « s o (437
and for every 1 < k < n we have
L% Lk
Ewp —a(L,h”)", p— o0, onU. (4.38)
(ii) Assume moreover, o is Holder continuous on a neighborhood of U. Then
1
len = ¢l =0 (Hlogp) . 9= oc. (4.39)

and (4.38) holds with speed O(% logp).

Hence for 0-almost every sequence (Sp) € (Q(L), 0co), Sp = ([31(71)], ce [s,()k)]),
LIsh = = s = L,h")* U with speed O ( -1
E[sp =...=s5, —0]—)01( yh)Y ) p— oo, on U with spee ]—jogp )
(4.40)

Proof. Since ¢’ is bounded on a neighborhood of U, ¢ is also bounded in that neigh-
borhood. We see in the above proof that (4.37) holds and ¢, + ¢/p > ¢ for some ¢ > 0.
On the set where ¢ and ¢, are locally bounded the wedge-products w* and w}’; are
well-defined for any 1 < k <n by (4.2), (4.5) and [1]. Thus (4.38) holds.

Assume moreover that ¢ is Holder continuous on a neighborhood of U. Observe that
the function 7 in (4.36) is bounded on U, thus, taking r = 1/p® with ¢ large enough
in (4.19), yields (4.39). Finally, (4.40) follows from Corollary 3.9. O

Note that under the assumptions of Corollary 4.4 (i) we do not obtain an estimate
of the convergence speed in (4.38). To get this, the assumption of Holder continuity in
item (ii) is necessary.

We can state a result similar to Theorem 4.3 in the case of adjoint line bundles
LP @ Kx. We do not suppose that the base manifold is compact, so the space of L?
holomorphic sections could be infinite dimensional. However, the definitions (2.9) and
(2.13) of the Bergman kernel function and Fubini-Study currents carry over without
change. Theorem 4.5 refines [7, Theorem 3.1], where it is shown that %log B, — 0in
LY U, w%).

Theorem 4.5. Let (X,wx) be a Kaihler manifold of dimension n which admits a (possibly
different) complete Kihler metric. Let L be a holomorphic line bundle and let h* be a
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singular Hermitian metric on L such that c;(L,h") > 0. Let U C X be a relatively
compact open set such that ci(L,h%) > ewx on a neighborhood of U for some ¢ > 0.
Let B, and wy, be the Bergman kernel function and Fubini-Study current associated with
Hy (X, LP @ Kx). Then

H log BPHLl(U) =0O(logp), p— 0. (4.41)

1
Hence ~w, — c¢1(L,h%) on U as p — oo with speed O(% logp).
p

Proof. The proof is similar to the proof of Theorem 4.3, with some simplifications due
to the fact that we don’t need an auxiliary metric hL. The Kihler metric wy induces
a metric on the canonical line bundle Kx that we denote by hx. We denote by h,,
the metric induced by h” and h%x on L ® Kx. Let U’ be a neighborhood of U on
which the hypothesis ¢; (L, h%) > swx holds. We let # € U and Uy C U’ be a coordinate
neighborhood of x on which there exists a holomorphic frame ey, of L and ¢’ of Kx.
Let 9 be a psh weight of h%. Fix 79 > 0 so that the ball V := B(x,2ry) € Uy and let
W := B(xz,19).

Following the arguments of [8, Theorem 5.1] (or, more precisely, [6, Theorem 4.2],
where forms with values in L? ® Kx are considered) we show that there exist C' =
C(W) > 0 and pg = po(W) € N so that

—1log C < log B,(z) < log(Cr—2") + 2p( g(lax) P — 1/1(2)) (4.42)

holds for all p > pp, 0 < r <1p and z € W with (z) > —c0.

The right-hand side estimate follows as in [8, Theorem 5.1]; it holds for all p and does
not require the hypothesis that X is compact.

We prove next the lower estimate from (4.42). We proceed like in the proof of [6,
Theorem 4.2] to show that there exist Cy = Co(W) > 0, pg = po(W) € N such that for
all p > po and all z € W with ¢(z) > —oo there exists s,, € H(OQ)(X, L? @ Kx) with
s.p(2) # 0 and

||52,p||;2; < C2|52»p(2)|i2lp ’ (4.43)

where ||s||, is the L? norm defined in (2.7). This is done exactly as in [6, Theorem 4.2];
the main point is again the Ohsawa—Takegoshi extension theorem and the solution of
the 0-equation by the L? method from Theorem 4.1 (i). Observe that (4.35) and (4.43)
yield the desired lower estimate

log B,(z) = Hrnax log|3(z)|ip > —logCy, forp>py, z€ W and ¥(z) > —oo.

sllp=1

(4.44)
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Since U is relatively compact we can choose C> and pg such that log B, > —log C holds
a.e. on U for all p > pg. As in the proof of Theorem 4.3, we use the estimate from above
in (4.42) and Lemma 4.2 to show the existence of C; = C1(U’) > 0 such that for all
pe Ny,

/(long)w} < Cylogp+ Ci.
U

This completes the proof of Theorem 4.5. O
Proof of Theorem 1.2. Combining Theorem 4.3 and Corollary 3.4 applied to the case
where (F,h!") is the trivial line bundle and A\, = (2n + 2)clogp, we obtain item (i).
Theorem 4.5 and Corollary 3.4 for (F,h!") = (Kx, h®fx) and the same ), as above yield
item (ii). O
5. Approximation of Holder continuous weights
In this section we prove Theorem 1.3 and Corollary 1.4.
Proof of Theorem 1.3. The continuity can be deduced directly from the estimate (1.5).
We prove now (1.5). Recall that h, = (hL)®P is the metric on LP (cf. (2.6)). Write as
above LP = LP~P0 @ LF° with the metric Hep 1= (hk,)®P~P0) @ (h§)®P0. As in Section 4

(see (4.32)), given a point xzy € X, there exists a neighborhood U(xg) and C > 0 such
that for any z € U(x), one can find a holomorphic section s, , € H°(X, LP) satisfying

/|32,p|fv{e’pw§‘( <C, |s:p(2)|H., = 1. (5.1)
X

Since peq and ¢ are bounded and ¢eq < ¢, we deduce from (5.1) that there exists C' > 0
such that

[lseslt et <O, lsepf@l, 2 0o, (5.2)
X

It follows from (4.35) and (5.2) that there exists ¢ > 0 such that we have

1 c

2—plong2<peq—<p—E on X. (5.3)
Since ¢, = ¢ + ﬁ log B,,, we obtain that

Op — Peq > —; on X. (5.4)
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The estimate from above for ¢, — eq is obtained using the submean inequality. Since
©p is a-psh, by (1.3), it is enough to show that ¢, < ¢+ Ch;# on X which is equivalent
to B, < p%¢ for some ¢ > 0. Fix a point @ in X. Consider an arbitrary holomorphic
section s € H(X, L) such that

/\sﬁpw;’( =1. (5.5)
X

By (4.35), we only have to check that
|s(a)l7, <p*. (5.6)

Fix local holomorphic coordinates z around a with |z| < 1 and a holomorphic frame of
L such that s is represented by a holomorphic function f and the metric A% is represented
by e~¥ with ¢ is Holder continuous and (0) = 0. So, we have for some C,a > 0

[(2)] < Clz|®. (5.7)

Since s has unit L?-norm, the integral

()P 2P az

|z|<p=1/«

is bounded by a constant independent of p. It follows that the integral of |f|? on the ball
B(0,p~'/%) is bounded, because the function e2“?I*I” is bounded there. Therefore, by
the submean inequality, we get

|s(a)l, = IFO)] < C'p>/=. (5-8)
This completes the proof. O
Proof of Corollary 1.4. Theorem 1.3 together with Corollary 3.9 applied to
Ap = (m +2)clogp
imply immediately the result. O
Example 5.1. Let us discuss here the important example of the line bundle L = O(1)
over X = P™. The global holomorphic sections of LP =: O(p) are given by homogeneous

polynomials of degree p on C"*1:

H(P™, O(p)) = {f € Clw, ..., wy,] : f homogeneous, deg f = p} =: R, (5.9)
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There exists a smooth metric hpg = hgs(l) on O(1) such that the Fubini-Study Kéahler

form on P" is defined as the first Chern form associated to (O(1), hgs),
v
Wes = ﬁRO“). (5.10)

Let Met™(O(1)) be the set of all semipositively curved singular metrics on O(1). By
(2.5) we know that there exists a bijection

PSH(P", wps) — Mett(O(1)), ¢+ hy = hpse™ 2%, (5.11)

and ¢1(O(1), hy,) = wes+dd°p. Moreover, PSH (P", wrs) is in one-to-one correspondence
to the Lelong class £(C™) of entire psh functions with logarithmic growth,

L(C") = {1/1 € PSH(C") : there is Cy € R such that 9(z)
< Llog(1+]z*) + Cy for z € (C”},

and the map £(C") — PSH(P", wygg) is given by 1 — ¢ where

Y(w) = 3log(1+wl?), wecCm,
limsup ¢(z), w e P\ C".

z—w,z€C™

Here we use the usual embedding of C" in P™. Let h € Met™(O(1)) and let ¢ €
PSH(P",wgs) such that h = hyse™2?. Then

HE,) (P, 0(p)) = { f € H°(P",0(p)) : /|f|igse*2ww;fs <ol = Rylp).  (5.12)

We denote as usual by w, the Fubini-Study current associated with H ?2)(]P’”, O(p)) by
(2.12) and let ¢, be the Fubini-Study global weights (4.4). Note that if ¢ is bounded,
R,(¢) = R, (as sets but in general not as Hilbert spaces).

We have the following immediate consequence of Theorem 1.2 and Corollary 4.4.

Corollary 5.2.
(i) Let p € PSH(P", wes). Assume there exists ¢ € PSH (P, wgs) such that

> ¢ and (1 —e)wps +dd°g >0, for some e > 0.

Then for ooo-almost every sequence [s,] € P(Rp(ga)) of homogeneous polynomials,
(5[Div(sp)]) converges to wes +dd°p on P as p — oo with speed O( logp).
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(ii) Let U be an open subset of P". Assume that & is bounded on a neighborhood of U.
Then

1
low =l =0 (S1o8p) oo (513)
and for every 1 < k < n we have (not necessarily with speed estimate),

1
ﬁw;,f — (wps + dd°@)*, p— 00, onU. (5.14)

(iii) Assume moreover that o is Holder continuous on a neighborhood of U. Then

1
lop — el =0 (I;logp) , p— 00, (5.15)

and (5.14) holds with speed O(% logp).

Hence for oo-almost every sequence ([sl(,l)],...,[sl(,k)]) € ]P’(Rp(go))]C of k-tuples of
homogeneous polynomials we have as p — oo,

1

1
e [8(1) =...= 31(7’“) =0] = (wes + dd°)*, on U with speed O (2—9 1ogp). (5.16)

P
Theorem 1.3 and Corollary 1.4 imply the following.

Corollary 5.3. Let ¢ be a Holder continuous function on P™. Then:
(i) The equilibrium weight peq is continuous on P™ and the global Fubini—-Study weights

wp given by (4.4) converge to peq uniformly with speed O(%logp).
(ii) For any 1 < k < n we have #w;f — wé“q on P" as p — oo with speed O(% logp).

(iii) Let 1 < k < n. For ou-almost every sequence ([sz()l)], ce [s](,k)]) € P(Rp(go))k,
i[@— = s =0] - wk P" with speed O ( 1 (5.17)
o s’ =...=8, = Weq s on P™ with spee pogp . .
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