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Abstract. For manifolds with boundary, we present a self-contained proof of
Braverman’s result which gives an alternative interpretation of the transversal
index through certain kind of L*indices.
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1. Introduction

In her ICM 2006 plenary lecture [15], Michele Vergne formulated a conjecture on
“quantization commutes with reduction” for non-compact symplectic manifolds.
This conjecture extends the original Guillemin-Sternberg geometric quantization
conjecture on compact symplectic manifolds to the non-compact setting. Vergne’s
conjecture [15] is stated in terms of the indices of transversally elliptic symbols
on possibly non-compact manifolds in the sense of Atiyah [1] and Paradan [9],
and these indices coincide with the indices of Spin® Dirac operators for compact
manifolds. For a survey on the Guillemin-Sternberg conjecture, see [14].

In [7], [8], we established an extended version of Vergne’s conjecture, in the
sense that we did not make any extra assumptions besides the properness of the
associated moment map. One important step of our approach is to establish an al-
ternative interpretation of the transversal index appearing in the Vergne conjecture
by using the Atiyah-Patodi-Singer type index. In this step, we used Braverman’s
interpretation of the transversal index for manifolds with boundary through cer-
tain kind of L?-indices [2, §5]. The purpose of this note is to give a self-contained
proof of Braverman'’s result.

Let M be an even-dimensional compact oriented Spin‘-manifold with non-
empty boundary M. Let n = dim M. Let E be a complex vector bundle over M.
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Let G be a compact connected Lie group. Let g be the Lie algebra of G and g* its
dual, and let G act on g by Adg-action.

Let A% C g* be the set of dominant weights. For v € A%, we denote by VWG
the irreducible G-representation with highest weight . Then VA/G, v €AY, form a
Z-basis of the representation ring R(G).

We assume that G acts on the left on M and that this action lifts on £ and
on the spin® structure of the tangent bundle 7 : TM — M.

Let g™ be a G-invariant Riemannian metric on TM, and we identify T M
and T*M via g™™ . For any K € g, let K™ be the vector field generated by K on
M. Following [1, p. 7] (cf. [9, §3]), set

TeM = {(z,v) € TM : x € M,v € T, M such that
(v, KM(z)) =0 for all K € g}. (1.1)

Let ¥ : M — g be a G-equivariant map. Let U™ denote the vector field on
M such that

UM () .= (U(z))M(x) for any x € M, (1.2)

where (U(x))M is the vector field over M generated by ¥(z) € g.
We make the fundamental assumption that ™ is nowhere zero on OM.
Let S(TM) = S+ (TM)®S_(TM) be the bundle of spinors associated to the
spin‘-structure on TM and g?™ (cf. [5, Appendix D]). For V€ TM, let ¢(V') be
the Clifford action of V' on S(T'M) which exchanges the Zs-grading Sy (T M) of
S(TM). Let oy € Hom(x*(S(T'M)® E),7*(S_(TM) ® E)) denote the symbol
defined by

ag{\l,(x,v) = 1" (V—1le(v + V) @ Idg) ’(r,v) forx e M, ve T, M. (1.3)

Since UM is nowhere zero on M, the subset {(z,v) € TaeM : o} ¢ (x,v) is
non-invertible} of T¢M is contained in a compact subset of Tgl\//f (where M =
M\ OM is the interior of M). Thus, agf ¢ defines a G-transversally elliptic symbol

on T M in the sense of Atiyah [1, §1, §3] and Paradan [9, §3], [10, §3], which in
turn determines a transversal index in the formal representation ring R[G] of G,

Ind (o} y) = @Mi Ind, (0} ) - VE € RG], (1.4)

obtained by embedding M into a compact G-manifold of the same dimension as
that of M (cf. [1, §1]). For any v € A%, Ind,(0}/y) € Z is the multiplicity of V.¢
in the transversal index Ind(agf o) which depends on the homotopy class of ¥ such
that UM is nowhere zero on M, and which does not depend on g7 . Moreover,
the character of Ind(ag{q,) is a distribution on G. Note that the set of v € A%
such that Ind, (o) # 0 could be infinite.

To compute Ind(c¥ ), we deform ¥ : M — g inside M (leaving ¥|gns
unchanged) to a G—equivériant map V' : M — g with product structure near
OM, then by the homotopy invariance of the transversal index (cf. [1, Theorems
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2.6, 3.7, 9, §3]), Ind(0}y) = Ind(0} /). Thus we can and we will assume that
U : M — g has a product structure near OM.

Let g™ pS(TM) hE he metrics on TM, S(TM), E and let VS(TM) be the
canonically induced Clifford connection on (S(TM), hSTM)) and V¥ be a Hermit-
ian connection on (E, h¥). We assume that the metrics and connections involved
are G-invariant, and have a product structure near the boundary dM, and the
G-action on objects such as F, S(T'M) near OM is the product of the G-action on
their restrictions to M and the identity in the normal direction to OM.

We attach now an infinite cylinder M x (—o0, 0] to M along the boundary
OM and extend trivially all objects on M to M = M U (M x (—o00,0]). We
decorate the extended objects on M by a “7 7. .

Let f be a G-invariant smooth real function on M such that there exists a
smooth function ¢ : (—o00,0] — R (for example, o(u) = e~2*) verifying that for
(y,xn) € OM x (—00,0],

fly,zn) = o(zn), (1.5)
2
. . 4
| n) =+ d 1 n) = +o0. 1.6
LUm o(wn) =+oo and lim \Q’H‘Q(I ) = +o0 (1.6)

Then f is an admissible function on M for the triple (S(TM) ®E, VS(TM)®E, 0)
in the sense of [2, Definition 2.6] (cf. Remark 2.2).

Liat Df be the operator acting on € (M, S(TM)® E) to be defined by (2.6).
Let D ; be the restrictions of Df to the spaces associated to So(T'M) @ E.

The purpose of this note is to give a self-contained proof of the following
result of Braverman [2, Theorems 2.9, 5.5].

Theorem 1.1.
a) For any v € A%, the multiplicity of VA/G n Ker(Df) is finite.
b) The following identity holds:
Kcr(D_]af) - Ker(DEf) =Ind(oy y) € R[G]. (1.7)

Equivalently, let Ind,y(D_‘Ezf) be the multiplicity of V,YG in Ker(DEf) -
Ker(DEf), then

Ind, (DY ;) =Ind, (0} ). (1.8)

In particular, Ind,, (D_]af) does not depend on ™M RS(TM) pE gS(TM) B

f and it depends only on the homotopy class of ¥ such that UM is nowhere
zero on OM .

Certainly all argument here works for any Clifford module without the Spin®
assumption on M.

This paper is organized as follows: In Section 2, we establish Theorem 1.1a).
In Section 3, we obtain (1.7).
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2. L2-index

This section is organized as follows: In Section 2.1, we recall the definition of
Spin® Dirac operators. In Section 2.2, we explain the self-adjoint extension of D? .
In Section 2.3, we prove Theorem 1.1a).

We will use the notation and assumption in Introduction.

2.1. Spin® Dirac operator
We recall first our set-up. The manifold M is a compact G-manifold with boundary
OM, and M is an oriented G- Spin¢ manifold such that M C M.

Fix €1 > 0. We assume that there exists a neighborhood M x (—o0,e1] of
OM in M, where we identify OM x {0} to OM such that M = MU(OM x (—o0,0]).

Let S(TM) = S, (T]\A/[/) @ S_(TM) be the bundle of SpanI‘b assoc1ated to the
spin®-structure on TM and a G-invariant Riemannian metric g’

Let E be a G- complex vector bundle over M. Let h” be a G-invariant Hermit-
ian metric on E, V¥ a G-invariant Hermitian connection on (E hE ). Let h*° (TM)

be the G-invariant Hermitian metric on §(TM) induced by gTM and a G-invariant

metric on the line bundle defining the spin® structure (cf. [5, Appendix D]). Let
RS(TM®E e the metric on S(TM) ® E induced by the metrics on S(TM) and
on E. B

Let VS(T'M) be the Clifford connection on S(TM) induced by the Levi-Civita
connection V7'M of ¢™M and a G-invariant Hermitian connection on the line bun-
dle deﬁning the spin® structure. Let V5(TM )®E he the Hermitian connection on
S(TM )® E obtained by the tensor product of the connections V(™) and VE.
Let U : M — g be a G-equivariant map.

Let gT9M be the Riemannian metric on M induced by gTJ’\Z . We denote the
restriction of the objects on M to M by canceling the superscript “~”

We assume that for (y,z,) € IM x (—o0,e1], we have

U(y,00) = U(y,0) €0, ghM = g7 1 (de)?,
(S(TM)WSTD ST ey = m(S(TM), RSTM 7SI 5 ),
(B, 1 V) | orrx(—ooen] = T (B RE V) oar), (2.1)

with m : IM X (—o0,e1] — OM the natural projection. Moreover, the G-action
on objects such as M, E, S(TM) on IM X (—o0,e1] is the product of the G-action
on their restriction to M and the identity in the direction (—oo,e1].

Let %“(J\A/f,S(T]\A/f) ® E) be the space of smooth sections of S(TM) ® FE
on M, and let %OOO(M ,S(TM) ® E) be the subspace of smooth sections with

compact support. Let dvg; be the Riemannian volume form on (]\7 , gTjVY ). For
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s € €°(M,S(TM) ® E), the L2-norm is defined by

||SHJT4/70
IslBry = [ 1sP@)dog(a). (2.2)

Let (-,-)77 be the Hermitian product on €2°(M,S(TM) @ E) corresponding to
I112; - Let L2(M, S(T M) ® E) be the L*-completion of (¢5°(M, S(TM)®E), ||

H]'\Z 0)'

Let {e;} be an orthonormal frame of TM. The Spin‘-Dirac operator DF on
65°(M,S(TM) ® E) is defined by (cf. [5, Appendix D])

DF =3 ¢(e;) VETIDOE, (2.3)
i=1

Then DF is G-equivariant and formally self-adjoint.

Let e, be the inward unit normal vector field perpendicular to OM. Let
e1,...,en_1 be an oriented orthonormal frame of TOM so that ey,...,e,_1, €, is
an oriented orthonormal frame of T'M|gas. Set

n—1
Dy ==Y clew)eley) VTR, 24)

Jj=1

Then D), is the Dirac operator on ((S(TM)® E)|gar, VETM@E)oa) By (2.1),
(2.3) and (2.4), we have on M X (—o0, 1],

0
DP = c(en) D5y + clen)

g (2.5)

2.2. Self-adjoint extension of DfE

Let f be a G-invariant smooth real function on ]\A/[:. In this subsection we need
not assume that f verifies (1.5) and (1.6). Let DJ? be the operator acting on

%€2°(M,S(TM) ® E) defined by (cf. (1.2), (2.3))
DF = DF 4 /—1f ¢(TM). (2.6)

By definition, the graph of the minimal extension (D}]f5 Jmin Of D}E is the
closure of the graph of Df, i.e.,

Dom ((D?)min) = {s € L? (M, S(TM) ® E) : there exists a sequence
Sk € 65° (]\7, S(TM) ® E) such that
lim sp=s, and lim DFs, exists in L2 (M,S(TM) ® E) } (2.7)
k——+oo k—+oo

and for s € Dom((D]}?)min), (D?)mins is defined by limy_, 1 o D]}?sk in (2.7).
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Since the Riemannian manifold (M, g7™) is complete, by [4] (cf. also [6,
83.1, §3.3]), the minimal and the maximal extensions of D}E coincide, and form a

self-adjoint operator. We still denote by D]E , (DJ]'S5 )2 the corresponding maximal
extensions, whose domains are, by definition,

Dom (D]E) :{s .S, D?s e L? (M,S (T]T/f) ®E)},
_ —\ 2 — — ~
Dom ((DF)Q) z{s : s, (D]}cf) selL? (M,S (TM) ®E)}
Note that Dom(DJ}? ) is a Hilbert space endowed with the graph-norm
(HDfE-sH?\zO + ||5H?\770)1/27 for s € Dom(D7Y).

Let ¢ : R — [0, 1] be a smooth even function such that p(u) = 1 for |u| < 1/2,
and ¢(u) =0 for |u| > 1. For k > 1, let ¢ : M — R be defined by

vk =1 on M, ¢r(y,z,) =¢(@n/k) for (y,z,) € OM x (—0o0,0]. (2.9)

(2.8)

Then each ¢y is G—irlvariant, smooth, and has a compact support on M.
If s e Dom((DfE.)z), then by the basic elliptic estimate, ¢y s lies in the local

Sobolev space of second order on M. From (2.5), (2.9), there exists C' > 0 such
that for any k > 1, we have

Re <<pZ(DfE)2S, S>J\~/[ = Re <D{c5 (apiD?s) — 2ppc ((dapk)*) D?S, S>1,V7
~ 2 .
= H(ka?st'\/[V70 +2Re <g0kDfs, c ((dcpk) ) s>1\~/[

(2.10)

1 E 2 c 2
>, eeDFs| = sl

M,0

)

where (dpy)* € TM denotes the metric dual of dyy, with respect to gTM .

By taking k — oo in (2.10), we get Dfs € L*(M,S(TM) ® E). Thus s €
Dom((D¥)?) implies s € Dom(D¥). From this, we obtain as in [6, §3.3] that the
maximal extension of (D}]? )2 is self-adjoint, and coincides also with the minimal
extension of the original operator (Df)Q. For s € Dom((Df)Q), we get from (2.10),
by letting k — oo,

By2) 2 |2 E\2 B |7 2
(4 @F) sl 57, = {1+ 07 )s0) = [PFs g+ Wl 200

Finally, from the von Neumann Lemma (cf. [6, Lemma C.1.3]) about self-
adjoint operators, 1+ (Df)? : Dom((D7)?) — L*(M, S(TM)® E) is bijective and
has bounded inverse. B ~

Relation (2.11) shows also that Dom((1 + (D}(E.)Q)é) = Dom(DF). From the

above discussion, we see that (1+ (D]E)Q)‘1 :L2(M,S(TM)® E) — Dom((D]E)z)
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and (1+(D¥)%)~2 : L*(M, S(I'M)® E) — Dom(D¥) are bounded bijective linear
operators. Moreover,

D} (1 + (DJ’FJ)Q)_I/2 = (1 + (DJ’FJ)Q)_I/2 D¥ on Dom(D¥). (2.12)

2.3. L32-index of DJI?

For v € A%, recall that V,YG is the irreducible representation of G with highest
weight . For V, W two G-vector spaces, let Homg(V, W) denote the linear space
of G-equivariant homomorphisms. By the Peter-Weyl theorem, we have the Hilbert
space direct sum decomposition

(V.S e E) = @ 12 (3,5 @E)W, (2.13)
weAi
—~ — \7
where each L? (M, S(TM)® E) is a multiple of V..
Let DfE (7) be the restriction of D]E to the y-component. Let Df’f(’y) be the
restrictions of D7 (7) to the spaces associated to S4(TM)® E. Then by (2.8), we
have '

Dom (DF (7)) = Dom (DF) 12 (3,5 (TAT) E)7 . (2.14)

Clearly, Ker (D?) is closed in L? (M, S(TM) ® E), thus it is a Hilbert space
with norm || |57,
The following result is a reformulation of [2, Theorem 2.9].

Theorem 2.1. Assume that (2.1) holds and that TM s nowhere zero on oM, and

that f is a G-invariant real function on M wverifying (1.5) and (1.6). Then for any
v € AL,

Df(y) : Dom (Df(w)) - L? (1\775 (TM) ® Ey

18 a Fredholm operator, and

Ker (Dj? (7)) — Homg (VVG, Ker(Dj?)) 2 VP, (2.15a)
Ker(DF) = P Ker(DF(7)). (2.15b)
YEAT

Proof. Let g be equipped with an Adg-invariant metric. Let Vi, ..., Vaim ¢ be an
orthonormal basis of g. Then one has
~ dim G _ ~
U(x) = Z U;(x)V; forxze M, (2.16)
i=1
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where U; : M — R, 1 < i < dim G, are bounded smooth functions (together with
their derivatives). From (2 6), one gets

i 2) VM (2 (2.17)
From (2.3) and (2.6), we have .
()" = (57 -1 - (525 (139
- —2/-1V TM’®E+f2‘\Tﬂ‘7‘2. (2.18)

\1, M

For any K € g, let Ly denote the Lie derivative of K acting on €*° (JT/f, S(TM)
®F), and we set

SOE () = Vf{(}aM) CLx ¢ (]T]’ End (S(TM) ® E)) . (2.19)

By (2.1), for K € g fixed, uS®E(K) is bounded on M. Set
dim G

Bf=:¢—1§fcwnc(vzﬁ(fiﬁ))—2¢—Lf§j TSeE (V). (2.20)

Let B} be the adjoint of By with respect to hS(TM)QE
From (2.18)—(2.20), we have

_ dim G
(D}‘?) (DE) By -2y -1f Z U, Ly, + ‘foM‘ (2.21)
From (1.5), (2.1) and (2.20), we get on M x (—o0, 0],
— o dim G _
B, :\/—lf(z Je (VEMET) —2 37§, u52E (1))
i=1 i=1 (2.22)

v e (57).

Since UM, VeTiM\I!M e TOM (for 1 < i < n —1), ¥; are constant in z, on
OM x (—00,0], (2.22) implies that there exists Cy > 0 such that the following
pointwise estimate on M holds:

S (Br + B}) = ~Co (If] +147)) (223

Now, we fix v € A7.

For K € g, we denote by Lx(vy) the Lie derivative Ly acting on VWG. Let
ILk ()| be the operator norm of Lk () with any (fixed) G-invariant Hermitian
norm on V.%. Then the Lie derivative L acting on L2(M,S(TM) ® E)" acts
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only on the factor V. (cf. (2.13)), and coincides with the linear bounded operator
Lk (7). Thus its operator norm is ||Lg (7). .
From (2.21) and (2.23), there exists Cp > 0 such that for s € €5°(M,
S(TM)® E)Y, we have
~ 2 ~ 12 ~ 2
(CTORDI C e
M

2.24
M,0 M,0 ( )

dim G

= Co (1F1+ 1) 5 8)57 = lsllzze > ILvi)I | Tis

i=1

‘ )

Recall that U™ is nowhere zero on OM x (—00,0] and is constant in .
Moreover ¥, is constant in z, on OM X (—o0,0]. Set

~ 12 ~12
Q1= inf ‘\PM‘ (¥,0) >0, Q2= sup M (y,0). (2.25)
yeoOM yeOM

By (1.6), there exists C, > 0 such that on OM x (—oo, —C,], the following
pointwise estimate holds:
1 o |~ 77 5 QQ dim G )
LN > Gollfl ) + 58 S ) (2.26)
i=1

By (2.16), the last term of (2.24) can be controlled by 4%12 ||f\\il|s||%o +

8? Z?;‘TG I Zv,(1)|I? HSH%O Thus by (2.24) and (2.26), there exists C’, > 0 such

that for s € %OM(M,S(TM) ® E),

_ 2 -2 1
D[ > ||PPs[L 4 lauisslz, - ¢ / |52 v, (2.27)
H f .0 Mo 2 MO Jvsomx—c, 0] M

From (2.27), we can adapt the argument in [6, §3.1]) to know that Df(fy) is a
Fredholm operator. Here we will show that, by the argument in [12, Prop. 8.2.8],
its spectrum is discrete.

We claim that the operator

Bon2) 2
(1+(@F )

is compact. - .
Equivalently, we need to prove that for any sequence wy € L?(M,S(TM) ®
E)Y, ||wkll57, = 1, the sequence s, = (1 + (D?(y))Q)_l/

subsequence in L2(M, S(TM) ® E).
Take [ > 2C7, for ¢ in (2.9), by (2.11) and (2.12), there exists C' > 0 such

that for any k£ € N, we have

||DE(<plsk)||Mv’0 + lleisellzr,o < C- (2.29)

By Garding’s inequality and Rellich’s theorem, (2.29) and the fact that {y;si}’s
have a common compact support, we can select a convergent subsequence of

: L2(M,S(TM)® E)” — L*(M,S(TM)® E)”  (2.28)

2
wi has a convergent
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{@isk}r in L2(M,S(TM) ®E)". Now by a diagonal argument, we have a subse-
quence {8y, }r of {sy}r such that for any I € N, s, [au(oarx[—1,07), the restriction
of sm, to M U(OM x [—1,0]), converges in L?-norm.

By (2.27), {fsm,} is uniformly bounded in L2(M,S(TM)® E), by (1.6), we
know {sym, } converges in L2(M,S(TM) ® E).

Thus (1 + (Df(’y)) ) i is compact, and the spectrum of (DJE(W))Q is
discrete.

As D]E is G-invariant, from (2.13), we get (2.15a). The equation (2.15b) is

a consequence of Peter-Weyl theorem (cf. [3, Ch. 2, Theorem 5.7]). The proof of
Theorem 2.1 is completed. g

Remark 2.2. Let v be the function on M defined by v = |\I/M\ + U]+ |VTM\I/M| +
|uS®EH—1 Recall that a G-invariant real functzon f on M is an admissible function
for the triple (S(TM) ® E, VS(TM)QE, U) in the sense of [2, Definition 2.6] if and
only if

jﬂ‘@ﬁfp

o (y,xn) = 400 uniformly for y € OM. (2.30)
en oo |df || WM+ fo+1

Since \T/M, VZMV\T/M € TOM, U; are constant in z, on OM x (—00,0], if (1.5)
holds, then (2.30) is equivalent to (1.6).

Definition 2.3. For each v € A%, the inder of D_]af(’y), thought of as a virtual
G-representation, is defined by

Ind (D_‘Ezf(v)) := Ker (D_]af(v)) — Ker (Déf(v)) . (2.31)

Let Ind, (D% ) be the multiplicity of V. in Ind ( ¥ f( )) By Theorem 2.1,
we have

Ker (D ;) ~Ker (D ;) = @) Td, (Df ;) - V€ € RIG]. (2.32)
YEAT

Lemma 2.4. Under the condition in Theorem 2.1, if f1 is a G-invariant function
on M such that one of the following two conditions holds:

a) f = f1 outside a compact subset of ]\7,
b) f1 =e 2% f on OM x (—00,0].

Then for any v € A,
Ind,(D? ;) = nd, (D ). (2.33)

Proof. Note that Cj in (2.23) does not depend on f.

If f = f1 outside a compact subset of M, let fi=Q—=t)f+tf1 fort €0,1].
Then for v € A%, there exists C,, > 0 such that (2.26) holds, thus (2.27) for



Transversal Index and L?-index 309

_ - - —1/2
D¥ holds uniformly on ¢ € [0,1]. Now D (v) (1 + (Df(*y))Q) is a continuous

family of bounded Fredholm operators, thus Indn,(thft) does not depend on t €
[0, 1]. In particular (2.33) holds.

If fi =e 2% f on OM x (—00,0], set f; = e~ 22 f for t € [0,1]. Then again
for v € A%, there exists C;, > 0 such that (2.26) holds uniformly on ¢ € [0,1],

thus (2.27) for DE holds uniformly on ¢ € [0,1]. We conclude as above (2.33)
holds. (]

The following lemma will be used in the proof of Theorem 3.1.
Lemma 2.5. If (1+ |f|)"*/2w € L2(M,S(TM) ® E)? and
(DE n ¢—1fc(\ifﬁ)) w=0 (2.34)
in the sense of distribution, then for any m € N,

Fw, (1—1)fmDEyw, (1—@)f™ 68;" € LA(M,S(TM)® E)".  (2.35)

Proof. We assume that w verifies (2.34) and (1—|—|f\) 12y € L2(M, S(TM) ®E)?.
Then by the ellipticity of DE, w € (M,S(TM)® E).
Take Cy > 0 such that f is strictly positive on OM X (—oo, —CY]. For k > 1,
m € R, let ¢, be a G-invariant smooth function on M such that
Ckom = @rf™  on OM x (—oo, —CY]. (2.36)
Then by (2.5), (2.6) and (2.34), on Vy := OM X (—o0, —C/], we get

DP (&3 o) = " [2e(en) (g + e 01 )~ vVtofe( @], (237

As in (2.2), we denote by || [y, 0, (, )y, the L*-norm and Hermitian product on

L2(Vy, S(TM) ® E). Note that dv— = —dx,, A dvgar on Vy, thus by (2.21), (2.23),
M

(2.34) and the argument around (2.24), there exists C' > 0 such that for any k > 1,

m € R, we have

0= ((DFVw.pkmw) > Re (DFew, DP(g} )

+ Re (c(—en) D", @}, o) dvons — CILF™ 201l g
BMX{ Cf}

1

+( (= uls + b+ 72 [ Yot ) (235)

V1
Here we estimate the Lie derivative term in (2.21) by the term || - [|3;, , in (2.38).

Recall that on OM x (—o0,0], \Tlﬁ(y,xn) is nowhere zero and constant in
y (1.5), (1.6), (2.34), (2.37) and the assumption that (1 + |f])~"%w €



310 X. Ma and W. Zhang

L? (M, S(TM) ® E)7, there exists C > 0 such that for any k € N,

Re <DEw,DE(<pi’_1 w)>v1 =Re <—\/—1fc(\fl]\~/[)w,DE(<pz’_1 w)>v

1

Hwk ‘\IJM‘ w‘ el (2.39)

V1,0

From (1.5), (1.6), (2.39) and (1 + |f])~""2%w € L*(M,S(TM) @ E)7, when
k = oo, we gt ‘\T/M w e L2(M,S(TM)® E) from (2.38) by taking m = —1. This
implies w € L2(M, S(TM) ® E).

By repeating the above process, we know that f™w € L*(M,S(TM) @ E)

for any m € N.
For k,m € N, by (2.5), as in (2.38), we get

<(DE)2(wk7mw)v wk7mw>V1 = ||90k7ngMw||2V170

2
+ / <62n ((pk,mw), (pk,mw> dUaM + ’ ain ((pk,mw)’ (240)
M x{—Cy} 1,0
Note that the following pointwise estimate holds:
2 2
w 8 s
Do (<Pk,mw)’ Z 4 ‘@km - ’ Ay w‘ . (2.41)

From (2.34), (2.36) and f™w € L2(M,S(TM) ® E), we know that the left-hand
side of (2.40) is uniformly bounded on k > 1, and a% aw = m 188f w in
L2(Vy, (S(TM) @ E)|y,) as k — +oo. From (2.40), (2.41), for any m € N, when
k — 400, fmDEw, [ 2 € L2(V1, (S(TM) ® E)|y,).

The proof of Lemma 2.5 is completed. O

3. Transversal index and L2-index

We use the notation in Introduction and Section 2.1.

Let f be a G-invariant function on M verifying (1.5) and (1.6), and we assume
that UM is nowhere zero on M.

The purpose of this section is to give a self-contained proof of Braverman’s
following result [2, Theorem 5.5] for manifolds with boundary, which identifies the
transversal index in (1.4) and the L?-index appearing in (2.32).

Theorem 3.1. For any v € A%, the following identity holds:

Ind, (D ) = Ind, (o) . (3.1)

Proof. To prove (3.1), by Lemma 2.4a), we can and we will assume that there
exists C; > 0 such that f > C; on M.
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Set U = M UOM x [—1,0] and U = M UM x (—1,0] the interior of U. Let
p:(=1,0] = (—o0,0] be a strictly increasing smooth function such that

p(tn) =t, for t, € [-1/4,0], p(tn) =log(l +t,) for t, € (—1,—1/2].  (3.2)
We define the diffeomorphism 7 : U—M by
T(x)=xforz e M, 7(y,tn)= (y,p(tn)) for (y,t,) € OM x (—=1,0].  (3.3)

Let gTI7 = T*QTM be the induced metric on Tﬁ, then on OM x (—1,0] C fj,

9" (Yo tn) = g, "M+ (0 (t))? (dtn)?. (3.4)
We define the metric ¢”Y on TU by ¢”™ on M and
9"y, tn) = g, "M + (dt)?  for (y,tn) € IM x (=1,0]. (3.5)

From (2.1), the pull-back of (S(T M), hSTM) S(TM)) (E hE VE) on U are
still the pull-back of the corresponding objects on M. Thus they extend naturally
to U, and we denote them by (S(TU), R5(TV) vSTU)) (E hF VF). Moreover,
the G-action on OM x [—1,0] C U is induced by the G-action on OM, and the
induced map ¥ : U — g is still constant in ¢, on M x [—1,0].

Since UM is nowhere zero on U\ M, by the additivity of the transversal index
(cf. [1, Theorem 3.7, §6] and [9, Prop. 4.1]), one has

Ind (0} ) =Ind (0 ) € R[G]. (3.6)

Let L?(U,S(TU) ® E) be the space of L?-sections of S(TU) ® E on U with
norm || ||o associated to g7V, hSTU) hE asin (2.2), and H*(U,S(TU) ®F) the
corresponding k*" Sobolev space.

We adapt now the idea of [2, §14.2-814.5] to deform the transversal elliptic
symbol 0%\1, in (1.3) and to identify Ind,y(Df’f) to Ind, (a%q,).

Let 9 : [0,00) — [1,00) be a smooth function such that #(¢t) = 1 for ¢t < 1 and
9(t) =t for t > 2. Let ¥ps : U — [0,1] be a smooth function such that 9 =1 on
M and ¥9pr =0 on OM x [—1,—1/2]. We still denote by 7 : TU — U the natural
projection. Consider the symbol for z € U, ¢ € T, U,

o(2,€) = V=1{Iar (@) (lel rv) e(€) + o)} @ 1drp . (37)

Then o is a transversally elliptic symbol of order 0 and is homotopic to Jg&
on TqU.

As the manifold U with boundary is compact, by [11, Proposition 2.4], there
exists a G-vector bundle F over U such that the bundle S (TU)® E® F is a trivial
G-vector bundle on U. The map v/—1¢(¥Y)®1dg + Idfr defines an isomorphism of
the restriction of S (TU)Q EF® F and S_(TU)Q E®F on OM x [—1,0) = U\ M,
and so a trivialization of S_(TU)® E® F on U \ M.

Let y: U — N be a G-equivariant embedding of the manifold U with bound-
ary into a smooth compact G-manifold N with the same dimension (for example,
we can take N as the double of U). Then by extending S+(TU)® E® F on U as
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trivial G-vector bundles on N \ M, we get G-vector bundles E. over N. Moreover
we have a natural map ¢ : £ — £_ whose restriction to N \ M is invertible and

c=v-1c(P)®@1ldg +1dp on U. (3.8)

We still denote by ¥y the extension of ¥y on N by taking ¥y = 0 on N\ U,
and 7 : TN — N the natural projection. Then the symbol

on(2,8) i= V=100 (2)0(|€] yro) TLe(€) @ 1dpe p +77E(2) : 7€+ — 7°E- (3.9)
for x € N,§ € T N, is a transversally elliptic symbol of order 0 on T¢ N which
extends the transversally elliptic symbol ¢ = ¢ + Id;«p on TgU.

The excision theorem [1, Theorem 3.7] tells us that the index Ind(oy) of the
transversally elliptic symbol oy depends only on ag’\l,, but not on the choice of

7, 0N, and its character is a distribution on G. By the definition of Ind(a%q,) (cf.
[1, §1], [9, §3]), we have

Ind(aE v) = Ind(oy). (3.10)

We construct now a particular zeroth-order transversally elliptic operator P
on N whose symbol is homotopic to oy .
Let gT~N be a G-invariant Riemannian metric on N which extends g™V onU,

and hf = hf+ &hE- be a G-invariant Hermitian metric on £ = £, H&_ on N which
extends hSTUEE on U. The metrics g7V, h¢ induce a norm | llo on L*(N, &),
the space of L2-sections of £ on N, as in (2.2). Let A : €°(N,E.) — €=(N,E,)
be an invertible positive-definite self-adjoint G-invariant second-order differential
operator, whose principal symbol is o(A)(z,£) = |§\§TN Idg .
Recall that we assume that f > C7 > 0 on M. Set
~ 1
f(il?) - f ° T(ZE)
By (1.5) and (1.6), f is a G-invariant €° function on N.

We denote by Dg on U the operator DE under the map T : U — M. By
(2.5) and (3.3), we get

ifzelU; f(z)=0 ifzeN\U (3.11)

1 ( )3
Pl(tn)c o Otn,

and the restriction of Dg to M is the Spin® Dirac operator D¥ on M associated
TM7 hS(TM)7 hE . Set

DE = c(en)Dfys + on OM x (—1,0], (3.12)

tog
P =%+ fDEATY2, (3.13)

y (3.11) and (3.12), P is a well-defined pseudo-differential operator on N.
For £ € TN, we define ¢(§) = ¢(€) on M, and

c(§) = c(§) for £€TOM|oprx(—1,00

E(@f ) ) = p’(lt )c(en) for (y,t,) € OM x (—1,0].
n/ (y.t n



Transversal Index and L2-index 313
Then by (3.12), under the identification of 7* N and TN by using the metric g7V
the principal symbol of P is
o(P)(x,€) = ¢+ V—1F9(|¢|ov)T1E(E), forz €N, €€ T,N.  (3.14)
By (3.9) and (3.14), for t € [0,1], z € N, & € T N, we have
(t5n + (1~ ) (P))(z,6)
= V19((€lex) " (0 (@)e©) + (1~ 0FEE) +7E(x). (3.15)

Thus for x € N\ U, (toy + (1 —t)o(P))(x, &) is 7*¢(x) which is invertible, and for

£ €T U, as (€,¥Y) =0, we know if ¥V (x) # 0, by (3.8), ¢(x) is invertible, thus

(tony + (1 = t)o(P))(x,€) is invertible. We conclude finally that for any ¢ € [0, 1],
{(z,8) € TgN : (tony + (1 — t)o(P))(x, &) is not invertible}

= {(x,0) € TgM : ¥Y(z) =0} (3.16)

is compact. In particular, o(P) is a transversally elliptic symbol and homotopic

to on, thus P is a zeroth-order transversally elliptic operator on N, and by (3.10)

and the homotopy invariance of the transversal index (cf. [1, Theorem 3.7, §6] and
[9, Prop. 4.1]),

Ind(c%, ¢) = Ind(Gy) = Ind(P). (3.17)
For t € [0,1], consider the family of operators
Pr=(1—-t)i+tc A2+ fDEATV?  LA(N,Ey) » L*(N,E).  (3.18)

For v € A%, we denote by P;(v) the restriction of P, to L*(N, £.)7, the -

component of L?(N, §+) For any t < 1, the operator P; is a transversally elliptic
operator depending continuously on ¢, thus P;(y) is Fredholm for any v € A%, and
as Py = P, from (1.4), (3.17),

Ind(P;(v)) = Ind(Py(7)) = Ind, (0 o) - VE  fort < 1. (3.19)

Since P, is a family of bounded operators which depends continuously on ¢, to
show (3.19) holds for ¢ = 1, we only need to prove that the operator Pi(v) is
Fredholm for any v € A% .

From (3.18), we have

Py =CA V24 fDEATV? LA(N,Ey) — L*(N,EL). (3.20)

Thus s € Ker(P) if and only if w := A_1/2s~€ H(N, &), the 15 Sobolev space
on N with values in €, associated to g7 hf+, satisfies that

(’5+ ng) w=0. (3.21)
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As f =0 and ¢ is invertible on N \ U, from (3.21), w = 0 on N \ U. Thus (3.21)
holds if and only if supp(w) C U and (3.21) holds on U. By (3.8) and (3.11), (3.21)
is equivalent to w € HY(U, S, (TU) ® E), w = 0 on 9U, and

(PE+V-1fore(@))w=0. (3.22)
Lemma 3.2. Assume that (cf. (1.5))
ILH_l o(x,)e*™ = +o0. (3.23)

If w verifies (3.22), then w € L*(U,S(TU) ® E)" if and only if w € L*(M,
S(TM) ® E)). In this case, for any m € N, f"w € L*(U,S(TU) ® E)?, and
weHYU,S(TU)® E), w=0 on dU.

Proof. By (2.1), (3.12) and the discussion after (3.5), (3.22) is equivalent to (2.34)
in the sense of distribution.

Let dvg, dvy be the Riemannian volume forms on (fj, gTﬁ), (U, gTY), respec-
tively. Then by (3.4) and (3.5), we have

dvg (Y, tn) = p'(tn) dvy (y,t,)  on M x (—1,0]. (3.24)

Note that on (—1,—1/2], p'(t,) = 1+1tn'

By (3.24), if w € L2(M, S(TM) ® E), then w € L*(U, S(TU) ® E).

Now assume that w verifies (3.22) and w € L?(U, S(TU) ® E)?. Then by the
ellipticity of DE, w € €>°(M,S(TM) ® E).

By (3.23), on OM x (—1,—-1/2] € U, limy, _1(fo7)(tn)(tn +1) = +00. Thus
from (3.24),

/ (14 1) wlPdog
OM X (—o0,log(1/2)]

:/ (L4 1f 0 7)ol (tn + 1)""dvy < 400, (3.25)
OMx(—1,-1/2]

This means (1+|f|)~Y/2w € L3(M, S(TM)®E). Now from Lemma 2.5 and (3.24),
we get w, fw € HY(U, S(TU) ® E). Thus the restrictions of w, fw on U are well
defined. But f = 0o on QU, thus w = 0 on OU. O

From Lemma 2.4, we can assume that f is a strictly positive G-invariant
smooth function on M verifying (1.5), (1.6) and (3.23).

From Lemma 3.2, (2.14), (3.21) and (3.22), we know that Ker(P;(y)) is
isomorphic to Ker(Di 5 (7)), in the same way, Coker(Pi(y)) is isomorphic to
Ker(D* ;(v)). But we have proved that Df (7) is a Fredholm operator, thus Py ()
is a Fredholm operator and (3.19) holds for ¢ = 1. The proof of Theorem 3.1 is
completed. 0
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