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Abstract

We explain various results on the asymptotic expansion of the Bergman ker-
nel on Kéhler manifolds and also on symplectic manifolds. We also review the
“quantization commutes with reduction” phenomenon for a compact Lie group
action, and its relation to the Bergman kernel.
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0. Introduction

In the theory of quantization, one attempts to associate to a symplectic man-
ifold (X,w) a Hilbert space H and a mapping from the space of functions on
X into the space of operators on H, and this in a canonical way. The mapping
should give some reasonable relationship between the Poisson bracket on the
function side and the commutator on the operator side. It is generally acknowl-
edged that there is no canonical way to construct a quantization of X without
making use of certain additional structures.

In the theory of the geometric quantization of Kostant and Souriau, (X, w)
is assumed to be prequantizable, that is, there exists a prequantum line bundle
(L,hE, VL) on X (i.e., w is the first Chern form of L associated with the
Hermitian connection V¥). Given a compatible almost complex structure .J
and a Riemannian metric g7~ we can define canonically a Dirac operator D
acting on Q%*(X, L), the smooth (0, e)-forms on X with coefficients in L.
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Assume that X is compact. Following an observation by Bott, we take, as
a quantization of X, Ind(D%) = Ker(D%) — Coker(DX) of D% := D¥|go.cven,
which is a formal difference of finite dimensional Hilbert spaces. The virtual
dimension of Ind(Di), which can be computed by the Atiyah-Singer index
theorem, does not depend on the choice of the connection and of the metric
on L.

For p > 1, Ind(D%") = Ker(DL") is an ordinary finite dimensional Hilbert
space. The Bergman kernel is defined as the integral kernel P,(x,z’) associated
with the orthogonal projection P, from Q0*(X, LP) onto Ker(D®"). We will
show that when p — o0, the Bergman kernel P,(z,2z’) has an asymptotic
expansion whose coefficients contain interesting geometric informations about
X and L. The kind of expansion obtained for the kernel P,(z,z") also char-
acterizes the Berezin-Toeplitz operators. Their semi-classical limit provides a
precise way to relate the classical and quantum observables.

Assume that a compact connected Lie group G acts on X, and that the
action lifts to (L, h”, V). Then the quantization of X is a G-virtual represen-
tation, and it is interesting to determine the multiplicity of the irreducible rep-
resentations of G. The Guillemin-Sternberg conjecture “quantization commutes
with reduction” gives a precise geometric answer to this problem by using the
associated moment map. Here we explain the behavior of the G-invariant part
of P,(z,2") as p — 400, and we relate this behavior to the Guillemin-Sternberg
conjecture.

New difficulties appear when the manifold X is no longer supposed to be
compact, since in this case Ind(D?%) is not well defined. In her ICM 2006 plenary
lecture, Michele Vergne proposed to replace Ind(Df_) by a certain transversal
index introduced by Atiyah, under the natural hypothesis that the moment
map is proper, and that the zero-set of the vector field induced by the moment
map is compact. She conjectured that “quantization commutes with reduction”
still holds in this case.

If (X,w,J) is a compact Kahler manifold and if L is holomorphic, then for
p > 1, Ker(D") is the space of holomorphic sections H°(X, L?) of L” on X.
This leads to many applications of the asymptotic expansion of the Bergman
kernel in Kahler geometry.

We refer the reader to our book with Marinescu [41] for a comprehensive
study of the Bergman kernel and applications, and to the survey by Michele
Vergne [68] on the Guillemin-Sternberg conjecture. One can find more com-
ments, references and motivations in [41] and [68].

This paper is organized as follows. The first two sections are based on our
work with Dai, Liu and Marinescu, the last two sections are based on our
work with Zhang. In Section 1, we review the definition of Bergman kernel and
Berezin-Toeplitz quantization.

In Section 2, we discuss the asymptotic expansion of the Bergman kernel,
and also Toeplitz operators.
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In Section 3, we examine the corresponding results when a compact Lie
group G acts on X and the action lifts to L.
In Section 4, we outline Ma-Zhang’s solution of the Vergne conjecture.

1. Quantization on Symplectic Manifolds

In Section 1.1, we review the basic definitions, and the spectral gap property
of the Dirac operator. Then we explain the model example C™ in Section 1.2.

1.1. Dirac operators and quantization. Let (X,w) be a compact
symplectic manifold of real dimension 2n with compatible almost complex struc-
ture J, i.e., w(,J-) > 0, w(J-,J-) = w(,). We endow X with a Riemannian
metric g7X compatible with J, i.e., gTX(J-, J-) = ¢g7*(-,-). Let (E,h¥) be a
Hermitian vector bundle on X with Hermitian connection V¥ and curvature
RE = (VE)2,

The almost complex structure J induces a splitting of the complexification of
the tangent bundle, TX @g C = THO X ¢ 70D X | where 719 X and TV X
are the eigenbundles of J corresponding to the eigenvalues v/—1 and —/—1
respectively. Let 7% (%D X be the dual space of T(®V X . For any v € T(1L0) X,
let 7* € T* (O X be the metric dual of v, then

c(v) = V27N, ¢(T) = —V2iy, (1.1)

define the Clifford actions of v, T on A%* := A*(T*(®D X)), where A and i denote
the exterior and interior multiplications respectively.

Consider the Levi-Civita connection VIX of (TX,¢7X) with associated
curvature RTX. Let V7" X be the connection on 7% X induced by project-
ing VTX; vT"”X induces the connection Ve on det(T9 X). The Clifford
connection V! on A%* is induced canonically by VX and V9t (cf. [41, §1.3]).
Finally, let VA ®E he the connection on A%* ® E induced by V' and VZ.

Let dux be the Riemannian volume form of (TX, g7¥) and Q%*(X, E) be
the space of smooth sections of A%® ® E endowed with the L?-norm || >
induced by k¥, g™ Let {e;}32, be an orthonormal frame of (T'X, ™).

Definition 1.1. The spin® Dirac operator DF is defined by

DP =3 ¢(e;) VAT OE L Q0%(X, E) — Q%% (X, E), DE :=DF| 5 een.
J
(1.2)

The operator D is a formally self-adjoint, first order elliptic differential oper-
ator on Q% (X, E), which interchanges Q%¢v*(X, E) and Q°°44(X | E) (cf. [41,
§1.3]).
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Thus Ker (Df), Ker (DE) are finite dimensional Hilbert spaces and the
quantization space of E is defined as their formal difference

Q(E) :=Ind(D¥) := Ker (D¥) — Ker (DF) . (1.3)

The Atiyah-Singer index theorem [3, §4.1], [41, Th. 1.3.9] allows us to compute
the virtual dimension of Q(F) by using characteristic numbers:

dim Q(E) = / TATHYX) ch(E), (1.4)
X
where ch(-), Td(-) are the Chern character and the Todd class of the corre-
sponding complex vector bundles. In particular, the virtual dimension of Q(F)
does not depend on the choice of J, g7X or the metric and connection on E. If
Ker(D¥) = 0, then the quantization space Q(E) is an ordinary vector space.
We explain now the idea of the geometric quantization introduced by
Kostant [33] and Souriau [62]. Let (L,h%) be a Hermitian line bundle over
X endowed with a Hermitian connection V¥ with curvature RY = (V)2 We
assume that (L, hY, VL) satisfies the prequantization condition, that is
w=Y"IRL. (1.5)
For p € N, we denote by DX"®F the Dirac operator associated to L? @ E with
LP := L®P and set

Ep = AO,. ® LP ® E, Dp = Dl/l"(X)E7 Di,p = Dplﬂo,even . (16)

odd

Let L*(X, E,) be the L2-completion of (Q%*(X,L? @ E), ||-||z2)-

The following result is the starting point of the asymptotic expansion results
for the Bergman kernel which we describe in the sequel. The proof is based on
a direct application of the Lichnerowicz formula for Dg.

Theorem 1.2 (Ma-Marinescu [37, Th.1.1,2.5], [41, Th.1.5.5]). There exists
C > 0 such that for any p € N, the spectrum of DZQ, satisfies

Spec(Dg) c {0} U [2pry — C,+o0], (1.7a)
Ker(D_,)=0 forp>1, (1.7b)

where vg = inf{RL (u, ) : u € 70X, lu> =1,z € X} > 0.

Thus for p > 1, Q(L* ® E) = Ker(D2) is an ordinary vector space and its
dimension is a polynomial in p of degree n given by (1.4). The analogue of The-
orem 1.2 in the holomorphic setting was first obtained by Bismut and Vasserot
[8, Th. 1.1] by using Demailly’s version of the Bochner-Kodaira-Nakano formula
(cf. [41, Th.1.4.12]). Formula (1.7b) was first established by Borthwick-Uribe
[10, Th.2.3] and Braverman [14, Th. 2.6] by using Melin’s inequality. Mathai-
Zhang [46, Th. 1.3] obtained a version of (1.7b) for the proper cocompact group
action case by applying the method in [37].
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Definition 1.3. The orthogonal projection P, : L*(X, E,) — Ker(D,) is
called the Bergman projection. The Bergman kernel of D, is the smooth kernel
Pp(z,2") € By ®E, 1, (v,2" € X), of P, with respect to dvx(z'), i.e., for any
s € L*(X, E,), we have

(P, s)(x) = /X Py, 2 )s(2') dvox (&) . (1.8)

For f € €°°(X,End(F)), set
Tt p: LA(X,Ey) — L*(X,E,), Tfp,=PyfP,. (1.9)

Here the action of f is the pointwise multiplication by f. The map which
associates to f € €°°(X,End(E)) the family of bounded operators {T, ,}, on
L?*(X, E,) is called the Berezin-Toeplitz quantization.

Definition 1.4. A Toeplitz operator is a sequence {T},}pen of linear operators
T, : L*(X, E,) — L*(X, E,) satisfying T, = P, T, P,, such that there exists a
sequence g; € €°°(X,End(F)) such that for all & > 0, there exists Cj, > 0 with

k
—1
T, - Z Typp
=0

where ||-|| denotes the operator norm on the space of bounded operators. The
section g is called the principal symbol of {T}}.

<Cpp Y for any p € N*, (1.10)

We express (1.10) symbolically by

k

T, =Y Tppp ' +0(p "), (1.11)
=0

If (1.10) holds for any k € N, then we write (1.11) with k£ = +o0.

The Poisson bracket {-, -} on (X,w) is defined as follows. For f,g €
T (X), let § € €°(X,TX) be defined by 2mic,w = df. Then {f,g} =
§r(dg).

In the spirit of the geometric quantization, (X,w) represents the classical
phase space and the Poisson algebra (4°°(X),{-}) represents the classical ob-
servables, while Ker(D,) is the quantum space and the linear operators on
Ker(D,) are the quantum observables. The process p — 400 is called the semi-
classical limit, which is a way to relate the classical and quantum observables.

1.2. Bergman kernel on C™. Let us consider the canonical real coor-
dinates (Z1,..., Z2,) on R?™ and the complex coordinates (21, ..., z,) on C".
The two sets of coordinates are linked by the relation z; = Z;_1 + v/ =125,

j =1,...,n. We consider the L?-norm |- ||r2 = ( [gan|- |2dZ)1/2 on the ob-
vious L%-space on R?", with dZ = dZ;---dZ,, the Lebesgue measure. For
a=(ay,...,a,) € N* 2 C" put 2% = 2" -+ 20m.
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Let L = C be the trivial holomorphic line bundle on C™ with the canonical
section 1: C" — L, z + (z,1). Let h* be the metric on L defined by

11[pe(2) = e 3 Zi=r 51 = p(Z)  for z € C, (1.12)

with a; > 0 for j € {1,...,n}. The space of L?-integrable holomorphic sections
of L with respect to h% and dZ is the classical Segal-Bargmann space of L?-
integrable holomorphic functions with respect to the volume form pdZ. It is
well-known that {z? : 8 € N} forms an orthogonal basis of this space.

To introduce the model operator .Z we set:

0

b = —2
0z;

1 + 0 1 -
+ (lel, bL 2621 + azzza Z = Zb b (1.13)

=L
We can interpret the operator £ in terms of complex geometry. Let 9 " be the
=L

adjoint of the Dolbeault operator d on (L, k%) over (C", @ > dzj N dzj).
We have the isometry Q0*(C", C) — Q0*(C", L) given by a + p~ta. If OF =
—Lx—1L —L—Lx*

0 0 + 0 0 denotes the Kodaira Laplacian acting on Q%*(C" L), then
pOLp=1: Q0*(C, C) — Q%*(C",C) is given by 1.2 + >.;a;dZ Ni g , and

oz,

its restriction on functions is %f .

The operator £ is the complex analogue of the harmonic oscillator, the
operators b, bT are creation and annihilation operators respectively. Each
eigenspace of .Z has infinite dimension, but we can still give an explicit de-
scription.

Theorem 1.5 (Ma-Marinescu [38, Th.1.15], [41, Th. 4.1.20]). The spectrum of
% on L*(R?") is given by

Spec(.Z) = {Qiaiai ra= (0, o) € N"} (1.14)

and an orthogonal basis of the eigenspace of A € Spec(Z) is given by
By = {bo‘(zﬁ exp (—1 2 ailzil?)) ¢ 23, cuai = A, with o, B € N"} (1.15)

where b* := b --- b2, Moreover, Ux{Bx : A € Spec(Z)} forms a complete
orthogonal basis of L?(R*").

Let 2(Z,Z') be the smooth kernel of &2, which is the orthogonal projection
from (L2(R2"), || - ||z2) onto Ker(#), with respect to dZ’. Then £ (Z,Z') is
the classical Bergman kernel on C™ given by

P(Z,7') = H ( ai(|zi* + 2> — 227')> ) (1.16)
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2. Asymptotic Expansion of Toeplitz Operators

The starting point for our work on the asymptotic expansion of the Bergman
kernel has been the heat equation proof by Bismut [6] of Demailly’s holomorphic
Morse inequalities [21]. For a unified treatment of these two questions, we refer
to the book [41]. Here, we give various results on expansions of Bergman kernels,
and also on Toeplitz operators.

This Section is organized as follows. In Section 2.1, we give the asymptotic
expansion of the Bergman kernel.

In Section 2.2, we describe a characterization of the Toeplitz operators in
terms of their asymptotic expansion.

In Section 2.3, we specify the results to the Kahler case.

We will use the notation and assumptions of Section 1.1.

2.1. Asymptotic expansion of Bergman kernel. Let d*(z,2’)
be the Riemannian distance between z, 2’ € X. Let aX be the injectivity radius
of (X, g7X). We denote by BX(x,¢) and BT**(0,¢) the open balls in X and
T,X with centers x and 0 and radius e, respectively. Then the exponential
map T,X > Z — expx(Z) € X is a diffeomorphism from BT=X(0,¢) onto
BX(z,¢) for ¢ < a®. From now on, we identify BT=%(0,¢) with BX(z,¢) via
the exponential map for £ < aX. When a function is calculated using normal
coordinates based at x, we will add a subscript x.

We fix 29 € X. For Z € BT=0X(0,¢), we identify E, z with E, ., by parallel
transport with respect to the connection VP := VAT RLTRE along the curve
vz :[0,1] 2 u — uZ.

Let dvrx be the Riemannian volume form on (7;,X, gTeoX ). There exists
a smooth positive function r,, on BT=0X(0,¢) defined by

dvx (Z) = kg (Z)dvrx(Z), Kz (0) = 1. (2.1)

We will identify the 2-form RY with the Hermitian matrix RL €
End(7T(1% X) such that for W, Y € T0O X RE(W,Y) = (REW,Y). We choose

an orthonormal basis {w;}_; of Ta(ci’o)X such that
R¥(x0) = diag(ai(20), -, an(z0)) € End(TVX)  with aj(zg) > 0. (2.2)

Then egj_1 = %(wj + ;) and ey = %(w] —w;),j =1,...,n, form an
orthonormal basis of T, X. We use the identification (Z1, ..., Za,) € R?" —
> Zie; € Ty X. In what follows, we also use the corresponding complex coor-
dinates z = (z1,...,2,) on C" ~ R?",

Let 7 : TX xx TX — X be the obvious projection. Let {©,},en be a
sequence of linear operators O, : L*(X, E,) — L?(X, E,) with smooth kernels
O, (z,y) with respect to dvx (y). In terms of our trivialization, ©,(z,y) induce
smooth sections O, ,,(Z,Z') of 7*(End(A%* @ E)) over TX xx TX, with
Z,7" € Ty, X. Recall that &, = & was defined in (1.16).
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Notation 2.1. Let {Q, z,to<r<kzoex be a family Q. ., € End(A%® ®
E).,[Z,Z'] of polynomials in Z,Z’, smooth with respect to the parameter
zo € X. We will write
k
P 0000 (2, Z") 2D (Qryo Do) (VD2 /DZ )0 E + O(p™

r=0

=Y, (2.3)

if there exist &’ €]0,aX [, Cy > 0 with the following property: for any I € N, there
exist Ck,; > 0, M > 0 such that for any 2o € X, Z,Z2' € T, X, |Z]|,|Z'| < €
and p € N*, the following estimate holds:

k
P "Op.2y(Z, Z')Kd (Z2)riy (Z Z Qrao Puo)(VDZ, /P2 )0

€(X)

<Coap™ = (L4 b2+ B2 exp(—+/Cop|Z — Z') + 6(p~).
(2.4)

Here | - [4i(x) is the €' norm with respect to the parameter zo € X.

If K C X x X is compact, we will write that as p — 400, Py(z,2’) =
O(p~>) for x,2" € K if for any k,l € N, the €' norm of P,(z,z’) for z,2’ € K
with respect to the connections V¥, V¥ and the metrics A%, h®, g% is domi-
nated by Cp~F.

We denote by Icg e the projection from A%® @ E onto C® E relative to the
decomposition A%® = C @ A%>9,

We have the following full asymptotic expansion of the Bergman kernel.

Theorem 2.2 (Dai-Liu-Ma [20, Prop. 4.1 and Th.4.18'], [41, Th.8.1.4]). For
any zo € X and r € N, there exist polynomials J, 4, (Z Z') € End(A>* ® E),,
in Z,Z' with the same parity as r and with deg J, », < 3r, whose coefficients
are functions of the curvatures and their derivatives, such that for any k € N,
in the sense of Notation 2.1,

k
PPy ao(Z.2") 2N (U 0y P (VDZ,ABZ )0 E + O~ ), (2.5)

r=0

with Jo z, = Icor. Moreover, for any € > 0, we have
Py(z,2') = O(p~°) if d¥(z,2') >¢. (2.6)

Idea of the proof. Using the spectral gap property in Theorem 1.2, and finite
propagation speed of solutions of hyperbolic equations, we get (2.6). Also we
can localize the asymptotics of P,(z¢, 2’) in the neighborhood of x. The second
step consists in working on R2". To conclude the proof, we combine the spectral
gap property, the rescaling of the coordinates and functional analytic techniques
inspired by Bismut-Lebeau [7, §11]. O
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By taking b, (z0) = (Jar, 20 P ) (0, 0), we get from (2.5) that for any k,1 € N,
there exists Cj; > 0 such that for any p € N*,

Py(z,z) — Z b (x)p" " < Cpap L (2.7)
r=0 €(X)

We will give an algorithm to compute the coefficients J, 5, in the expansion,
by using a formal power series trick.

For s € € (R*, (A** ® E),,), Z € R?", |Z]| < ¢, and for t = set

%, se
(S8¢8)(Z) == s(Z/t), £ =S k> t2D§/£_1/25’t. (2.8)

By [20, Th.4.6] (cf. [41, Th.4.1.7]), there exist second order differential oper-
ators O, such that for any m € N, we have an asymptotic expansion when
t— 0,

L =L+ 'O+ 0™, with £y =L +2) a0’ Nig,. (2.9)
r=1 1

J

Then PN = Icgp? is the orthogonal projection of (L2(R?", (A%* ® E).,), || -
llz2) onto N = Ker(%). Set PN" =1d—PN. We define by recursion fr(\) €
End(L?(R?", (A%* @ E),)) by

PN ==L N =0N=Z)"D 0if;(\). (2.10)

j=1

Let 0 be the counterclockwise oriented circle in C of center 0 and radius vq/2.
We denote by %, ,, the operator with smooth kernel

Frao(Z,2") = Jpuo (2,2 P(Z,2") (2.11)
with respect to dZ’. Then by [38, (1.110)] (cf. also [41, (4.1.91)])

- B 1
Frn = 5 /5 FrVdA. (2.12)

By Theorem 1.5, (2.10), (2.12) and by the residue formula, we can express
Fr 2o in terms of £, PN, PN" O (with k < r). This gives a direct method
to compute %, 5. In [39, §2], we find an explicit computation for %3 ,, when
w(-,-) = gTX(J-,-) (i.e., R* = 271d). We have in particular:

Theorem 2.3 (Ma-Marinescu [39, Th.2.1]). If w(-,-) = g7X(J-,-), we have

1 1
Tr[a-onx)br(@)] = g |r% + VYT + 43 R (w) )| . (213)
J
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Here VX .J is the covariant derivative of J with respect to VI¥X, and ¥ is
the scalar curvature of (X, ¢”™). In Donaldson [22], the term r¥ + |VXJ|?
in (2.13) is called the Hermitian scalar curvature. It is a natural substitute
for the Riemannian scalar curvature in the almost-Kéahler case. It was used
by Donaldson to define the moment map on the space of compatible almost-
complex structures.

Ma-Zhang [44] obtained a family version of Theorem 2.2.

2.2. Asymptotic expansion of Toeplitz operators. Here is a
useful characterization of the Toeplitz operators in terms of their kernel.

Theorem 2.4. (Ma-Marinescu [40, Th.4.9, Rem.4.10], [41, Lem-
mas 7.2.2,7.2.4, Th.7.3.1]) Let {T, : L*(X,E,) — L*(X,E,)} be a family of
bounded linear operators. Then {T,} is a Toeplitz operator if and only if it
satisfies the following three conditions:

(i) Foranyp€eN, P,T,P, =T,.
(i) For any ey >0, Ty(z,2') = O(p=>°) if d¥(z,2') > &o.

(iii) There exists a family of polynomials {Q, ., € End(A%® ®
E)oo|Z, Z'| }ooex which has the same parity as r, such that for any k € N,
we have in the sense of (2.3) and (2.4),

k
DT 00(2,2') 2 S Qoo Pua) (WPZoBZ )0 E + Op~ ). (2.14)

r=0

In this case, its principal symbol is go(zo) = Qo,2,(0,0)|cor € End(E,,) .

Remark 2.5. For f € ¥°(X,End(FE)), conditions (i), (ii), (iii) of Theorem
2.4 for {T},,} are consequences of Theorem 2.2 and of the Taylor expansion of
f at zg. The coeflicients Q.. », in (2.14) corresponding to the Toeplitz operator

{Tp} are denoted by Qr o, (f), and Qo 2, (f) = f(z0)IceE-
By taking b, f(x0) = (Q2r, 2o (f) P2,)(0,0), we get from (2.14) that for any
k,l € N, there exists Cj; > 0 such that for any p € N*, we have

k
Ty p(z, ) — Z by s (z)p" ™" < Cpap™ L (2.15)
r=0 EL(X)

In [40, (4.15)] (cf. also [41, (7.2.16)]), we find a precise formula for Q,, 4, (f)
by using the Taylor expansion of f at z¢, Jjq,(j < 7) and 5, in (2.5), from
which the computation b, (x¢) can be derived.

Theorem 2.6 (Ma-Marinescu [40, Th.1.1], [41, Th.7.4.1]). The product of the
Toeplitz operators Ty, and Ty ,, with f,g € €°(X,End(FE)), is a Toeplitz
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operator, i.e., it admits the asymptotic expansion in the sense of (1.11):

Ty pTyp= ZPiTTCT(f,g),p +0(™), (2.16)
r=0
where C, are bidifferential operators, Co(f,g) = fg and C.(f,g) €

¢ (X,End(F)).
If f,g € (€°(X),{-,-}) with the Poisson bracket defined in Section 1.1, we
have

A /71 _
[Tt,p,Tg,p] = TT{f,g},p +0(p?). (2.17)

Theorem 2.6 implies that the set of Toeplitz operators is closed under the
composition of operators, and so it forms an associative algebra.

For E = C, Theorem 2.6 shows that we can associate to f,g € €°(X) a
formal power series Y= A'Ci(f,g) € €>°(X)[[R]], where C; are bidifferential
operators. Therefore, we have constructed in a canonical way an associative
star-product f xg = > ;2ch'Ci(f,g), called the Berezin-Toeplitz star-product.
Note that the existence of formal star product on symplectic manifolds was
established by De Wilde and Lecomte in 1983. We refer to Fedosov’s book [24]
for more information on the theory of deformation quantization. In Theorem
2.6, we gave a geometric realization of the associative star-product.

2.3. The Kahler case. In this subsection, we assume that (X, w, J) is a
compact Kihler manifold, (L, h%) is a holomorphic Hermitian line bundle with
Chern connection V¥ verifying (1.5), and (FE, h¥) is a holomorphic Hermitian

vector bundle with Chern connection VZ. We assume also that w = —?RL

is the Kihler form of (X, g7¥X). Let 77" be the adjoint of the Dolbeault

operator 3""®% on Q%*(X,LP @ E). In this case, D, in (1.6) is given by

D, = V2@ " 4 g~

). (2.18)
Thus D2 preserves the Z-grading on Q°*(X, L? ® E)). By Hodge theory and the
Kodaira vanishing theorem, we have

Ker(D,) = H(X, [’ @ E) for p>> 1. (2.19)

The Bergman projection P, reduces to a projection from ¢>°(X, L? @ E) onto
HY(X,LP ® E), a Toeplitz operator {T,,} is now a sequence of linear opera-
tors acting on €°(X, LP ® E). Thus we don’t need to introduce differential
forms, and we can work on ¢°°(X,LP ® E). In this situation, J, ,, b-(z0o),
Qr,zo(f), by f(x0) introduced in (2.5), (2.7), Remark 2.5 and (2.15) take values
in End(E),,.

Let P(H°(X,LP)*) be the projective space associated to the dual of
H°(X,LP), and let wps be the Fubini-Study (1,1)-form. The Kodaira map
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bp : X — P(HO(X, LP)*) is defined by ¢,(x) = {H°(X,LP) > s — s(x) € LP}
for x € X. The Kodaira embedding theorem asserts that for p > 1, ¢, is a
holomorphic embedding and ¢, &'(1) = LP. Let h?»?(") be the metric on b0 (1)
induced by the metric A9 on @(1). Then for E = C, we have (cf. [41, Th.
5.1.3))

hep ¢ (2) = Py(x, z) " Al (2). (2.20)

The question of the convergence as p — +oo of %d);(UJFs) was raised by Yau
[71, §6.1]. By (2.7) for E = C, and (2.20), as p — +00, +¢%(wrs) converges to

T p
w in the ¥ topology : for any [ > 0, there exists C; > 0 such that

< Cy/p2. (2.21)

1
’ by (wrs) —w
p H(X)

When | = 2, the estimate of the type (2.21) was obtained by Tian [64] with
p? replaced by /P, by using the Bergman kernel on the diagonal, P,(z,z).
Ruan [59] obtained (2.21) with p instead of p?. Bouche [11] proved that
limy, 100 p~"Pp(x,z) = 1 in the ¢ topology. The expansion (2.7) was first
established by Catlin [17] and Zelditch [72].

Lu [36] calculated more coefficients b, via RT*X. Let Ric = Ric,(.J-,-) be the
(1,1)-form associated to the Ricci curvature Ric, of g7*. Let A be the posi-
tive Laplacian acting on functions on X; set |[RTX |2 = D ik {(RTX (w;, w;)wy,
wj)|?.

Theorem 2.7 (Lu [36, Th.1.1]). When E = C, we have

X X
L’ 72by — Ar
8 48

Liprxpe g o 1 x
+ 96|R | 24|R1C| + 128(7‘ ). (2.22)

Wang [70] also computed b; in (2.7) for general E. When E = C, the
existence of an asymptotic expansion similar to (2.5) for |Z|,|Z’| < C/,/p was
also obtained in [61, Th. 1]. For other versions of the asymptotic expansion see
[17], [31], [18], [4]. The main tool in [17], [72], [18], [31], and [61] is the Boutet
de Monvel-Sjéstrand parametrix for the Szego kernel [13], [25]. The coefficients
were computed in [64], [36], [70] by constructing appropriate peak sections,
using Hérmander’s L? 0-method.

If E = C, the existence of the expansion (2.16) was first established by
Bordemann, Meinrenken and Schlichenmaier [9], Schlichenmaier [60], [31]. They
used the theory of Toeplitz structures of Boutet de Monvel and Guillemin [12].

Lu’s computation for by plays an important role in Donaldson’s work [23] on
Kahler metrics with constant scalar curvature. We refer to [5], [41] for further
information. In [42], we computed the coefficients by ¢,bs ¢, Ci(f,9),C2(f,9)
from (2.15), (2.16). These computations are also relevant in K&hler geometry
(cf. [26], [27], [35]).
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Theorem 2.8 (Ma-Marinescu [42]). If E = C, for any f € €>(X), we have:

rX 1
bO.,f = fa bl,f = 87.](‘ - ZAfv
. g 7; /I (2.23)
_ 2p X - — : )
bo. = bof + 555 A% — =¥ Af = X (Ric,00f ).

3. Quantization and Symplectic Reduction

We explain briefly the Guillemin-Sternberg conjecture in Section 3.1, then we
review the asymptotic expansion of the G-invariant part of the Bergman kernel
in Section 3.2, and we specialize the results in the Kéhler case in Section 3.3. In
particular, we show how to obtain the scalar curvature on the reduction from
the G-invariant Bergman kernel on the total space, and we compare the metrics
on the two sides of the “quantization commutes with reduction”.

We use the same notation and assumptions as in Section 1.1.

3.1. Quantization commutes with reduction. Recall that
(X,w,J) is a compact symplectic manifold of real dimension 2n with compat-
ible almost complex structure J, and (L, h*, V) is a prequantum line bundle
on X (cf. (1.5)).

Let G be a compact connected Lie group of dimension ny with Lie algebra
g. We assume that G acts on the left on X and that this action lifts to L.
Moreover, we assume that G preserves g7~ J, h” and VL.

The G-action commutes with the Dirac operator DY, and Ker (D%) are
finite dimensional G-representations. The quantization space Q(L) of L (cf.
(1.3)) is an element in the representation ring R(G) of G.

For K € g, let KX be the vector field on X generated by K, and let Ly be
the corresponding Lie derivative. Let A% C g* be the set of dominant weights,
and let VWG be the irreducible representation of G with highest weight v € A%
Let Q(L)” € Z be the multiplicity of VVG in Q(L). Then we have

QL) = P Q) -V € R@G), (3.1)
yeEAL

and there are only finitely many v € A% such that Q(L)” # 0.

It is not easy to read off Q(L)” directly from the Atiyah-Bott-Segal-Singer
equivariant index theorem for its character. Guillemin and Sternberg [29] sug-
gested a geometric way to compute Q(L)7, by using the associated moment
map.

Definition 3.1. The moment map pu : X — g* is defined by the Kostant
formula [33],

2V —1mu(K) =Vhx — Lk, for K €g. (3.2)

Then p is G-equivariant and one has ixxw = d p(K).
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For a regular value v € g* of u, the Marsden-Weinstein symplectic reduction
X, = p (G v)/G is a compact symplectic orbifold with the symplectic form
w, induced by w. Moreover, L (resp. J) induces a prequantum line bundle L,
(resp. an almost complex structure J,) over (X,,w,). One can then construct
the associated spin® Dirac operator (twisted by L, ), Di" on X, of which the
index Q (L,) € Z (identified as the virtual dimension of @ (L,) in (1.3)).

If v € A% is not a regular value of i, then by [49] (cf. [54, §7.4], [43, §3.5] for a
standard perturbation definition), Q(L) is still well defined. Now we can state:

Guillemin-Sternberg conjecture: For any v € A* |
QL) = Q(Ly). (3.3)

By the classical shifting trick (i.e., by working on X x O, where O, = G -7 is
the orbit of the co-adjoint action of G on g*), we only need to prove (3.3) for
v=0.

This conjecture was proved by Meinrenken [47] and Vergne [67] when G
is abelian; by Meinrenken [48], Meinrenken-Sjamaar[49] for non-abelian groups
G, by using the technique of symplectic cut of Lerman [34].

Tian and Zhang [65] gave an analytic proof of the Guillemin-Sternberg con-
jecture, using a deformation of the Dirac operator, which is associated with the
function |u|?. Their approach works for a general vector bundle F satisfying
certain positivity conditions [65, (4.2)] (used afterwards by Paradan [54, p. 445
and Teleman [63, p.6]), and also for manifolds with boundary [66]. Paradan
[54] developed later a K-theoretic approach by making use of the theory of
transversally elliptic operators. See [68] for a survey and complete references
on this subject.

3.2. Berezin-Toeplitz quantization and reduction. We use the
same notation and assumptions as in Sections 1.1 and 3.1. We assume also that
the G-action lifts on E and preserves h and VF.

Then G-action commutes with the Dirac operator D, in (1.6). Let Ker(D,)“
be the G-trivial component of Ker(D,). Let P be the orthogonal projection
from €>°(X, E,) onto Ker(D,)¢. The G-invariant Bergman kernel is the €
kernel PpG(x,:c'), (x,2' € X) of PpG associated to dvx (z).

Assume for simplicity that G acts freely on p=1(0), and g7* (-, ) = w(-, J+).
We will denote by Xg = p~1(0)/G, and we add a subscript G' to denote the
objects on X induced by the corresponding objects on X.

By a result of Tian and Zhang [65, Th. 0.2], and (1.7b), we have

dim Ker(Dp)G =dimKer(Dg,) forp> 1. (3.4)

We will describe how P (z,2’) “concentrates” on the Bergman kernel
Pg p(zo,x) on X, when p — +o0.



Geometric Quantization on Kahler and Symplectic Manifolds 799

Theorem 3.2 (Ma-Zhang [43, Th.0.1]). For any open G-neighborhood U of
w=1(0) and any o > 0, we have

PpG(a:,x') =0(p~°) if (x,2)) ¢ U x U or if & (Gz,z') > €. (3.5)

Let U be an open G-neighborhood of 1~*(0) such that G acts freely on U.
For any G-equivariant vector bundle with connection (F, V) on U, we denote
by (Fp, V%) the bundle on B := U/G induced by G-invariant sections of F
onU.

For x € U denote by vol(Gz) the volume of the orbit Gz equipped with the
metric induced by g7¥. Following [65, (3.10)], let h(x) be the function on U
defined by

h(z) = (vol(Gx))'/2. (3.6)

Then h descends to a function on B.

Let pr; and pr, be the projections from X x X onto the first and the
second factor X respectively. Then we can view PpG(xw’) (xz, 2’ € U) as a
smooth section of pri(E,)p ® pr3(E£,;)p on B x B.

We introduce the following coordinates: for any z¢ € Xq, Z € T,,B, we
write Z = Z° + Z1, with Z° ¢ Ty Xa, Zt e NgG .z, where N¢ is the normal
bundle of X¢ in B. For gy > 0 small enough, we identify Z € T,,, B, |Z| < €¢
with expi (Z1) € B, here we still denote by Z+ € N, the

PG (20) expaC (2°)7
parallel transport of Z1 along the curve u — expfoc (uZ°) with respect to the
connection on N¢g induced by projecting the Levi-Civita connection on T'B.
We identify (E,)p z with (E,)p,z, by using parallel transport with respect
to V(E»)B (cf. §2.1) along the curve [0,1] 3 u — uZ.
Let dvp,dvx,, dvn, be the Riemannian volume forms on T'B,TX¢g, Ng

induced by g7¥. Let o € €°(TB|x,,R), with o = 1 on X¢, be defined by
dvp(wo, Z) = o(v0, Z)dvx g (x0)dung ,, for Z € Ty B,z € Xg- (3.7)

For zg € Xa, Z = (2°,2+),2' = (2°, 2'%) € Ty X ® Ng.oy = Tiy B, set

0 ™ 0|2 02 0-/0
P(Z,7') =27 exp (—22 (12017 + |27 — 22{Z; ))

%

X exp ( — |z - w|Z'L|2), (3.8)

with ng = dimG. As in (1.16) and (2.9), P is the Bergman kernel of a limit
operator, which itself is sum of two terms: one is defined on T, X, and is equal
Z (cf. (1.13)); the other is defined on Ng 4,, it is equal to a harmonic oscilla-
tor. This explains why we expect the G-invariant Bergman kernel PpG (x,2') to
exhibit the same sort of behavior, see (3.11).

Let {8S}pen be a sequence of linear operators ©F : L*(X,E,) —
L?(X, E,) with smooth kernel ©F (z,y) with respect to dvx(y). We assume
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that @g(x,y) is G x G-invariant. Let mp : TB x x, TB — X¢ be the obvious
projection. Relative to our trivialization, @g(x,y) induces a smooth section
@cha:o (Z,2") of m(End(A%* @ E)p) over TB x x., TB with Z, 7' € T,,, B. We
introduce the following notation in analogy to Notation 2.1.

Notation 3.3. We write

k

h r 1
PG, (2,2) 2 QY Pa) WPZ, /B2 E + O ), (3.9)

r=0

if there exists a family {QF, Yo<r<k,zoexe with QY. € End(A%* @
E)B 42, Z'] smooth with respect to the parameter zg € Xg, and there exist
¢’ €]0,aX[ and Cy > 0 with the following property: for any I,m € N, there
exist C > 0, M > 0 such that for any z¢ € Xq, Z,2' € T, B, |Z|,|Z'| < €
and p € N*| the following estimate holds:

(1+ VpIZ* |+ @\Z’H)m\p% 260, (2,2 (ho*)(Z)(hot)(7)

— . Z,\/pZ\p~ 2
Z T,Z0 0\/7 \/7) 2%l(XG)

<Cp (1 +f|ZO|+\f|Z’O| exp(—/Cop|Z = Z'|) + O(p™™).
(3.10)

Theorem 3.4 (Ma-Zhang [43, Th.0.2]). There exists a family of polynomials
{9, 20 reN, woexe € End(A®® ®@ E)p 1, [Z,Z'] on Z,Z' with the same parity as
T, such that Qo ., = Icer,c, and for any k € N the following expansion holds
in the sense of Notation 3.3,

k

h r k+1
p R PE, (2,2 %Y (Qriae Pao) (VPZ,/DZ )05 + O(p~ 5). (3.11)

r=0

To read off the scalar curvature on the reduction from PG, we define
S, (x0) € End(A%* @ E)g 4, for z9 € Xg by :

Ifa0) = [o1ccp (610, 2P (00, 2), (20, D)done(2). (312)
ZeNg
y (3.4), (3.5), Hp(x) does not depend on g9 modulo &(p~>°), and

dimKer(Dg ) = /X Tr[ 2 (x0)]dvx, (z0) + O(p™°). (3.13)

From Theorem 3.4, we infer the existence of ®, € €*°(Xg,End(A** ® E)g),
and ®¢ = IcgE, @, with the property that for all k, m € N, there exists C, ,, > 0
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such that for all p € N*,

k
p~ "0 7, (20) — Z D, (zo)p™" < Cpmp "L (3.14)
r=0 ™ (Xa)

Using Theorems 3.2, 3.4, and the same argument as in Remark 2.5, we see
that the analogue of Theorems 3.2, 3.4 still holds for the kernel Tﬁp(:t,:r’) of

the operator Tfp = Ppc*'prC*'7 for f € € (X,End(F)).

Theorem 3.5 (Ma-Zhang [43, p.86-88]). Let f € €°°(X,End(E)). For any
open G-neighborhood U of n=1(0), eg > 0, we have

chfp(a:,x’) =0(p~ ) if (x,2') ¢ U x U or if d*(Gz,x') > €. (3.15)

Moreover, there exists a family {QF, (f)}renzoexe € End(A%® @
E)pwolZ,Z'] of polynomials in Z,Z' with the same parity as v such that for

any k € N, we have in the sense of Notation 3.3,

k

—np4- 20 h _r —
b e chfpv OL‘D(Z’ Z/) ~ Z(QS.L() (f)PCCO)(\/];Z7 \/5Z/)p 2+ O(p
r=0

=Y.
(3.16)
Moreover, ngo(f) = f%xo)Icgr.g, where fC is the G-invariant component

of f.

Since Tr [TfG,p} = [ Tr [Tfp(m7x)]dvx(x), we deduce from Theorem 3.5 that

there exists a sequence B, ¢ with By 5 = ch Tr [fG(xo)}deG (29) and for any
k e N,

k
p T [T =Y Bugp T+ O, (3.17)
r=0

Note that in [43, §4.1, §4.5] the case where 0 is a regular value of u (so that
X¢ is an orbifold) is treated in detail. In [43, §4.2], it is shown by a shifting trick
that Theorems 3.2 and 3.4 imply the expansion of the kernel of the orthogonal

G
projection P,Yw from Q% (X, LP ® E) onto the V,YG—Component of Ker(D,,) for
any v € A%

3.3. The Kahler case. In this subsection, as in Section 2.3, we assume
that (X,w, J) is a compact Kéhler manifold carrying a holomorphic Hermitian
line bundle (L,h*) and a holomorphic Hermitian vector bundle (E,h¥) and

moreover w = gRL is the Kéhler form of (X, g7X). We assume also that the

G-action on X, L, F is holomorphic, and preserves the metrics.
By (2.19), we see as in Section 2.3 that the G-invariant Bergman projection
PpG reduces to a projection from (X, LP ® E) onto H°(X, L’ ® E)¢, and
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the Toeplitz operator {Tfp} reduces to a sequence of linear operators acting on
€ (X,LP? @ E). In particular, Qy 4., Fp(z0), Pr(x0), Q,C,fmo(f) in (3.11), (3.14)
and (3.16) take values in End(Eq)y,-

Let h be the restriction of h on Xc. Let 7¥¢ be the scalar curvature on
(Xg,wa, Jg), and Ax, be the positive Laplacian on X¢g. Let {w?} be an
orthonormal frame of 7% X. The following result generalizes formula (2.13)
for the coefficient by of the expansion (2.7).

Theorem 3.6 (Ma-Zhang [43, Th.0.6]). The coefficients ®o and ®1 from (3.14)
are given by,

1 3 ~ 1
g =1Idp,, P1(x9) = 77;@ + 1 -Axclogh+ - > RE(w),wd). (3.18)

J7 )

We discuss now the metric aspect of quantization. Let i : p=1(0) < X be
the natural injection. Let m¢ : €°°(u~1(0), L ® E)¢ — ¢>°(X¢, LY, ® Eg) be
the natural identification. By a result of Zhang [73, Th. 1.1 and Prop. 1.2], for
p > 1, the map mg o i* : €°(X, [P @ E)¢ — ¢ (Xq, LY, ® Eg) induces a
natural isomorphism

op=ngoi*: H(X,[? ® E)® — H*(X¢, L% ® Eg). (3.19)

(When E = C, this result was first proved in [29, Th. 3.8] for p > 1). We denote
by (-,-) the L?-Hermitian products on these spaces. A corollary of Theorem 3.5
is as follows.

Theorem 3.7 (Ma-Zhang [43, Th.4.8]). Set 05 = o0, o BS and let o5~
be the adjoint of of. Then Tf, = p_%affaf* € End(H°(X¢, LY, ®
Eq)) is a Toeplitz operator with principal symbol Q%fG/TzQ, for any f €
¢ (X,End(F)).

The natural Hermitian product (-,-); on ¢ (X¢, L, ® Eg) is given by

<sl,32>,~L:/X (s1,59)(x0) B (20) dvx,, (x0). (3.20)

Theorem 3.8 (Ma-Zhang [43, Th.0.10]). The isomorphism (2p)*%0crp is
an asymptotic isometry from (H°(X,LP @ E)%,(.,-)) onto (H°(Xg,Lt ®
Eg),(")3), i.e., if {sf}?ﬁl is an orthonormal basis of (H°(X, LP @ E)Y, (-,-)),
then

(2p)f%°<gpsf, opst )y =0ij + O (p7"). (3.21)

In [43, Remark 0.11], we find a natural symplectic extension of Theorem
3.8.
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When E = C and G is a torus, Charles [19] first showed that 7, in Theorem
3.7 is a Toeplitz operator, and obtained (3.21).

Assume that £ = C. Then PpG(Io, Zo) becomes a positive function. By
setting Z = Z' = 0 in (3.11), we get the following expansion on X for any k,

k

p_”+n7’0h2(xo)Pf(xo, z) = Zcr(xo)p_r +O0(p* ), colao) =2m/2.
r=0
(3.22)

Paoletti [50, Th. 1], [51, Th. 1] had obtained the expansion (3.22), but he claimed
that co(zp) = 1. After our preprint [43] was posted, Hall-Kirwin [30], Paoletti
[52], [53] and Burns-Guillemin-Wang [16] have established related results.

4. Noncompact Case: Vergne’s Conjecture

In this section, we use the same notation and assumptions as in Sections 1,
3.1, except that we assume now that X is noncompact. One asks naturally the
following question: what is the quantization formula in this situation?

When (X, g7¥) is a complete Riemannian manifold, it is shown in [38, §3.5],
[40, §5], [41, §6.1, §7.5], [43, §4.6] that under natural (positivity) conditions on
RY, RF the asymptotic expansion of the Bergman kernel holds. However, in
this section, we do not assume (X, g?X) to be complete.

In Section 4.1, the quantization formula is explained for the model example
C". In Section 4.2, we review briefly our solution with Zhang of Vergne’s con-
jecture: “quantization commutes with reduction” in the noncompact setting.

4.1. Quantization formula on C™. We continue the discussion of
Section 1.2. Let’s assume now that a; = 27 for j = 1,--- ,n. Then (L, h*, V¥)
is a prequantum line bundle on (C", w = g > dzj Ndzy).

Let T™ be the n-dimensional torus with Lie algebra t”. We define a holomor-
phic action of 7" on C" by €@ -2 = (e%12y,- - , e 2,), with 0 = (01,--- ,0,,) €
R™ and e = (e1,... ) € T For A = (A, -+ ,\n) € Z", we define a
holomorphic 7™-action on L by €% - 1 = €21 with 6 - A\ = >_;0jA;. Then the
associated moment map g : C* — R™ (cf. (3.2)) is given by

1
T2

Given {u;};_, C Z™, the Delzant polytope A C R™* [2, §VIL l.c., 2.a.] is
defined by

w(z) = 5zl lzal®) + A (4.1)

A={zeR™ : (u;,x) = A\ for 1 <i<n}, (4.2)

if the vertices have integer coordinates and each vertex ¢ has exactly m-edges,
and the u; such that (u;,q) = A; form a basis of Z™.
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Let 5 : R® — R™ be the linear map defined by j(e;) = u; with {e;} the
canonical basis of R™. Let N = Ker(j)/(Ker(y) N (27Z)™) C R"/(2rZ)™ ~T",
so that N is a (n — m)-dimensional torus with Lie algebra n < R” ~ ¢*. Thus
we have the exact sequence: 0 — R™* L5 R™* s n* — ().

Now N acts naturally on C™ and L, the associated moment map is ¢ =
1" op : C® — n*. Its symplectic reduction XA = ®~1(0)/N is a m-dimensional
compact Kahler manifold, and L descends naturally to a positive holomorphic
line bundle LA on XA. Then XA is the toric variety associated to the Delzant
polytope A.

Observe that if N acts trivially on a holomorphic section z¢1 of L for some
a € N, then 2“1 descends to a holomorphic section of La on Xa.

For e € T", we have e? - 201 = ¢! (@+0) 221 Thus N acts trivially on the
holomorphic section 21 if and only if +*(aw + A\) = 0, and this is equivalent to
the existence of a v € R™* such that a; + \; = (v, u;), ie., v € ANZ™ and
a; + i = (v, uy).

For v € A NZ™, we denote by s, the holomorphic section of La on Xa
induced by 21, where o; = (v, u;) — As.

Theorem 4.1 ([28, §3.5]). The cohomology of La on Xa is given by

H(Xa,La)= €P Cs,, H/(Xa,La)=0 if j>0. (4.3)
vEANZ™

By Theorem 1.5, we see that the kernel of D¥ on the noncompact space C*
is an infinite dimensional vector space. Moreover, by the discussion after (1.13)
we deduce that all higher L? cohomology groups of C" with values in L vanish.
Theorem 4.1 implies that “quantization commutes with reduction” still holds.
Note that the moment map ® =" o i1 is proper here.

Example 4.2. Set m =n—1,u; =¢; fori <m,u, = —(1,---,1) = =>"" ¢,
A = (0,---,0,—1). Then Ker(y) = R(1,---,1), ®(z) = £ 37 |z%[>— 1. In
this case, (Xa, La) ~ (CP"1,0(1)) with O(1) the hyperplane line bundle on
cpr—L.

4.2. Vergne’s conjecture. Recall that (X,w,J) is a noncompact
symplectic manifold with the prequantum line bundle (L,h", V%), and
g™X is a J-invariant Riemannian metric on X. Let 7 : TX — X
be the natural projection. Following [1, p. 7] (cf. [54, 83]), set TgX =
{(z,v) € T, X : (v, K¥(z)) =0 for all K € g}.

Then the quantization space Q(L) = Ind(D¥) of L is not well defined,
since usually D is not a Fredholm operator, and we need to make precise the
self-adjoint extension of DL|§28"(X,L)’ where Qg"(X,L) denotes the space of
sections with compact support.

We suppose that the moment map p : X — g* is proper. Then the right
hand side of (3.3) is well defined.
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We identify g with g* by using an Adg-invariant metric on g. Let X () :=
(u(z))X(x) (x € X)' be the vector field induced by p: X — g.

We suppose for the moment that {z € X : u*(z) = 0} is compact.

Recall that c(-) is the Clifford action defined in (1.1). For z € X, £ € T, X,
set?

afu(m,ﬁ) = 7" (V=1le(¢ +p¥) ®1dy) |(w75)
cr (AT OV X)) @ L) — 7 (AT OV X)) @ L), (4.4)

Then Uf . 18 a transversally elliptic symbol on T X in the sense of Atiyah
[1, §1, §3] and Paradan [54, §3], [55, §3], which determines a transversal index
Ind (Ji{u) in the formal representation ring R[G] of G,

Ind (07 ,) = @ Ind, (¢f,) - V& € R[G]. (4.5)

WEAi
The index Ind (Uf #) does not depend on ¢7X AL, VL, and it depends only
on the homotopy classes of J, p*. The set {y € A% : Ind, (Ufu) # 0} can be

infinite. Michele Vergne suggested to use Ind, (Uf u) to replace the left hand
side of (3.3).

Vergne’s conjecture (ICM 2006 plenary lecture [69, §4.3]) : If p: X — g* is
proper and if {z € X : p*(2) = 0} is compact, then for any v € A%,

Ind, (07 ,) = Q(L,). (4.6)

Special cases of this conjecture, related to the discrete series of semi-simple
Lie groups, have been proved by Paradan [55], [57].

For a > 0, set X, = {z € X : |u]?(x) < a}. If a is a regular value of |u|?,
then X, is a compact manifold with boundary 0X,, and u~ is nowhere zero
on 0X,. Thus O’ii‘L is a transversally elliptic symbol on X,,.

Theorem 4.3 (Quantization commutes with reduction, Ma-Zhang [45,
Th.0.2,0.3]). Suppose that pn : X — g* is proper. For any v € A%, there
exists a, > 0 such that the function a + Ind, (O’fz) is constant on {a >

a : a is regular value of |u|*}. Denote by Q(L)Y this constant. Then for any
v € A%, we have

QL) = Q(L). (4.7)

IThe vector field u is also called Kirwan vector field in view of [32].
2The symbol O’fu is the (semi-classical) symbol of Tian-Zhang’s [65] deformed Dirac op-
erator (4.8) in their approach to the Guillemin-Sternberg geometric quantization conjecture.
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If {x € X : p*(z) = 0} is compact, then Q(L)” = Ind,, (ai{#). Therefore
Theorem 4.3 implies Vergne’s conjecture. Note that Paradan [58] gives a new
proof of Theorem 4.3 by using symplectic cuts and the wonderful compactifi-
cations of [56].

Idea of the proof. 1) Assume that {z € X : p* () = 0} is compact. For T > 0,
let DL be the deformed Dirac operator introduced by Tian-Zhang [65, (1.20)]:

Df = D" +v/—=1Tc (p™) : Q" (X, L) = Q** (X, L). (4.8)

A first step is to interpret the transversal index as the Atiyah-Patodi-Singer
index of DL for a manifold with boundary defined as in [66]. The proof uses
Braverman’s L2-interpretation of the transversal index [15, §5]. The proof of
(4.7) for v = 0 is then easy.

2) A second key result is as follows. Let (N,w”,JV) be a compact sym-
plectic manifold with a prequantum line bundle (F,hf,VF) (see Section
1.1). We suppose that G acts on N and the action lifts to F as above
with the associated moment map 7 : N — g% etc. For v € A%, set
Q((F)" = dim Homg((VyG)*,Q(F)), where Hom¢ is the linear space of G-
homomorphisms. Let LQF' be the obvious prequantum line bundle over X x NN.
Then we have

QLF)™ =3 QL) -Q(F)". (4.9)

YEAYL

The proof of Theorem 4.3 is obtained in [45] by combining these two arguments.
O
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