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1 ºé�ß��{¤£�

• ºé�ß�åuºé��©Ù5'u~Ç�Kahler6/6[1]¥
¤JÑ���¯K. T©uLu©z��·c����Ï1966c3�
�5êÆÆ�6(1966, 16(2): 269-281). du@��5êÆÆ�6�
{IêÆ¬kÀJ��È, ¿uLu¶�5Chinese Mathematics6�
,�þ, ºé��@�©Ùk3�À¥, l3.��SDÂ.
1969c,Å=êÆ[M.Skwarczynski35Proceedings of American Math-
ematical Society6(1969, 22: 305-310)uL©Ù[2], 1��rºé�J
Ñ�¯K¡�ºé�ß�.ºé�ß�´'uõ�Eê�m¥k.�
�BergmanØ¼êkÃ":�ß�.
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• 1999c9�20F�9�26F3Å=Þ11103”International Symposium
on Classical Analysis”, M.Skwarczynski��¬ÌR, Ð¤±k3��
��¬���w. ¿
)�M.Skwarczynskik�u��". £I
�ÒïÆºé���M.Skwarczynski�u, ºé�!,Ó¿. �
�M.Skwarczynskiu2000cgG¤1, 3¥��êÆ¤�¯
��
�. ù�31c��ºé�ß��·¶öÚºé�ªu¬¡. g
lM.Skwarczynskirºé�JÑ�¯K¡�ºé�ß���, Úå
Ø�êÆ[�,�ïÄ�. Ù¥ØyÍ¶�êÆ[, ~X1995c
Ó�¼�Bergmanø�Emil J Straube�ÇÚHarold P. Boas�Ç(¦�Ñ
3Texas A¡M Universityó�)±9î{ÚF���
êÆ[.
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• y3ºé�ß�®²¤�
õEC¼êØ¥���¹��ïÄ��.

• 1979cR.E.GreeneÚH.WuÄkrºé�ß��\¦�ÜÍ�;Í
5Function theory on manifolds which posses a pole6(Springer VerlagÑ
�, Lecture Notes in Mathematics 699)�1178�.

• Ù�, S.G.Krantz3Ù1982cdJohn Wiley¡SonsÑ��;Í5Function
Theory of Several Complex Variables6�153��ã
ºé�ß�,

• Ó�M.JarnickiÚP.Pflug31993c¦��;Í5Invariant Distances and
Metrics in Complex Analysis6(Walter de GruyterÑ�¤�1184���
ã
ºé�ß�.

• H.P.Boas�Çu1998c3¸Iðm�1n3KSCV�IS¬Æþ±”Lu
Qi-keng’s Problem”�Kéºé�ß��ïÄ�¹�
��nÜ�w.
T�wu2000cuL[3].
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• Boas@�, BergmanØ¼ê¢SþÒ´��Ã¡?ê, ��?Ø��
Ã¡?ê�":�©ÙÑ'�(J. ¦@�ºé�ß��JÝ��
u?ØRiemann zeta¼êζ(z) =

∑∞
n=1 n−z �":©Ù¯K, =��

uRiemannß��JÝ.

• Boas��{´: ”It is a difficult problem to determine whether the Bergman
kernel function of a specific domain has zeroes or not. If the kernel function
is presented as an infinite series, then locating the zeroes may be of the same
order of difficulty as proving the Riemann hypothesis; and even if the series
can be summed in closed form, determining whether or not 0 is in the range
may be hard.”
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• JÝ�, ÒI�#�g�Ú�{, Ò¬r?êÆ�uÐ. ÏdïÄº
é�¯K´��k¿g�, �FÃÚå�õêÆ[�,�Ú5¿. º
é��<�éd¯Kéa,�,¿O�ðm�g”BergmanØ¼ê�"
:”�Workshop,íÄT¯K�ïÄ.

• du©z��·��Ï, ºé��<3ºé�ß�¡���c
S, ��Ø��kºé�ß�d¯. ØÈc, Ð¤±�ºé��U
�, ¦�`å, uÛ�370c�¥ÏQ¯Lºé�Û¢ºé�ß�.
ºé��©¯ç, .8(�. �5��
Mathematical Reviewsâ�
�´M.Skwarczynskirºé�1966c3©Ù5'u~Ç�Kahler6
/6¥¤J�BergmanØ¼êkÃ":�¯K¡��ºé�ß�.

• ¢Sþ¡�ºé�¯K�ÎÜ¢S.ÏH.P.Boas¡E�¿¡��ºé
�¯K,ºé��<��Éù«¡¢. �´ùü«¡¢´�£¯.
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2 BergmanØ¼ê9ºé�ß�
• �D´Cn¥�k.�,eH(D)L«¤k3D�X�¼ê�8Ü,-

L2H(D) = {f(Z) ∈ H(D) :

∫
D

|f(Z)|2dV < ∞}.

ùpdVL«�D�î¼ÿÝ.KL2H(D)´��Hilbert�m,ÙSÈ�:

< f, g >=

∫
D

f(Z)g(Z)dV, f, g ∈ L2(D).

§äk�êÄ.�{ϕk(Z)}, k = 0, 1, 2, . . .´L2H(D)����IO��

Ä.K

KD(Z, T ) =
∞∑

k=0

ϕk(Z)ϕk(T ), (Z, T ) ∈ D ×D. (1.1)

¡��D�BergmanØ¼ê, §´���, �Ø�6u�D���IO

��Ä�ÀJ.

http://192.9.200.1
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• §q¡��D�2)Ø, =§kXe�2)5�: é?¿�f ∈
L2H(D)k

f(Z) =

∫
D

f(T )KD(Z, T )dVT , Z ∈ D. (1.2)

ù´�D�BergmanØ¼ê���A�5�, �Ò´`, ªf(1.2)�±

���D�BergmanØ¼ê�½Â.

� �D1, D2 ∈ Cn, eF (Z) : D1 → D2´ V � X C �,
�F ′(Z)´dC��JacobianÝ
, -detL«1�ª, K1, K2©OL«

�D1, D2�BergmanØ¼ê§Kk

K1(Z,W ) = (detF ′(Z))K2(F (Z), F (W ))(detF ′(W )). (1.3)

ù´due{ϕj}´L2H(D1)���IO��Ä, K{(detF ′)ϕj ◦
F}´L2H(D2)���IO��Ä.

eD1 = D2 = D,K(1.3)C�

K(Z,W ) = (detF ′(Z))K(F (Z), F (W ))(detF ′(W )). (1.4)

http://192.9.200.1
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• eD��¹�:�k.�.à5�, Z0�DS?¿�:,K�3D��

XgÓ�F¦�F (Z0) = 0,K(1.4)C�

K(Z0, W ) = (detF ′(Z0))K(0, F (W ))(detF ′(W )).

L2H(D)����IO��Ä{ϕk(Z)}k=0,1,2,...¥z��ϕk(Z)Ñ

´Z�kgàgõ�ª, AOϕ0(Z) = a1
0 6= 0�~ê. Ïd(1.4)ª

¥�K(0, F (W )) = |a1
0|2 = K(0, 0). duZ0�DS?¿�:, Ïd

3(1.4)ª¥-Z0 = Z,Ò��k.�.à5�¦ÙBergmanØ¼ê�ú
ª:

K(Z,W ) = (detF ′(Z))K(0, 0)(detF ′(W )). (1.5)

Ù¥K(0, 0)¢SþÒ´à5�D�NÈ��ê.

• ù�y3,�.�o´ºé�ß�?¢Sþºé�ß�½ºé�¯KÒ
´ïÄ?ØBergmanØ¼ê�":. ��o�ïÄ?Øù«":?k�
o¿Â?ù�lRiemannNì½nùå.

http://192.9.200.1
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• RiemannNì½n´`, 3Eê²¡Cþ�?¿��üëÏ�D 6= C,
K�½�3��V�XNìF ,rDN�ü ��∆. e�¦rt ∈ DN

��:, �F ′(t) > 0, Kd«Nì´���. ù�¡�D�X�d

u∆, ½)Û�du∆. ù�3�X�d�^�e, C¥�üëÏ��

kü��da,��´C��,,��´±∆��L��da, ∆¡�Ù

¤�L��da¥�IO�. ïÄ
∆¥�V�XØCþ, Ò�uï
Ä
¤küëÏ�D 6= C��A�ØCþ. e3*¿�Eê²¡(C\
þÃ¡�:)C∞þ�Ä,@o�k���daC∞. 3p���¹,Ø�
3RiemannNì½n,Ï�ÙpØ�X�d�üëÏ�kÃ¡õ�.¯
¤±�,3p���¹��ïÄXe�ü�¯K��RiemannNì½n
�O�:

• 1)3z���X�da¥,´Ä�3�ü ��∆@��IO�?

• 2)?�ü�ØÓ��,XÛ�ä§��X�d�Ä,ùÒ�)ïÄ3V
�XNìe�ØCþ�¯K.

http://192.9.200.1


Institute of 
Structural
Mechanics

X  Ø

nØ©Û©©©

ê��ý©©©

Á�ïÄ©©©

ïÄ(Ø

N¹: ���§

�KïÄÏm��'¤J

�  �

�¯Ì�

I K �

JJ II

J I

1 12�� 44�

� £

�¶w«

' 4

ò Ñ

• éu1��¯K, Äk©Û�e����¹. eK(z, w)´�D 6=
C�BergmanØ¼ê, KND�∆, �rt ∈ DN��:, ¦�F ′(t) >

0�V�XNìF�±L«�

F (z) =
1

K(t, t)

∂

∂w
log

K(z, w)

K(w,w)
|w=t.

3p���¹, �D´Cn¥���k.�, K(Z,W )´D�BergmanØ
¼ê,KBergmanÝþ�
�

T (Z,Z) = (gij) = (
∂2logK(Z,W )

∂zi∂zj
).

�Ù_�
�T−1(Z,W ). Stefan Bergman�ì����¹,���D�

Nì�

F (Z) =
∂

∂W
log

K(Z,W )

K(W, W )
|W=t T−1(t, t).

Ù¥
∂

∂W
= (

∂

∂W1
,

∂

∂W2
, . . . ,

∂

∂Wn

).

NìF (Z)rtN��:, �ÙJacobianÝ
3t:�ü Ý
. Stefan
Bergman¡D3F (Z)e���L«�,¡F (Z)�L«�I.ù�D�

L«�Ò´¯K1¥�IO�.

http://192.9.200.1
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• �´ù
Ñ�¦D�BergmanØ¼êK(Z,W )3(Z,W ) ∈ D ×D�

vk":,�F (Z)â3��Dþk(��½Â. ºé�3©[1]¥
`:/q��vk<y²Lé���Cn�k.�D�BergmanØ¼
êK(Z,W )�(Z,W ) ∈ D ×D�vk":,�,éõäN~fÑé.0
ùÒ´ºé�¤�Ñ�¯K. d¯KM.Skwarczynski31969c3ÙØ
©[2]¥¡��ºé�ß�, eÙBergmanØ¼êK(Z,W )3(Z,W ) ∈
D ×D�Ã":,Ò¡ºé�ß�¤á,T�DÒ¡�ºé��.

• Harold P.Boas3©[3]¥�âBergmanØ¼ê�C�úª(1.3)�Ñ,��
��BergmanØ¼ê�":�8Ü3V�XNìe´ØC�,d=��
��BergmanØ¼ê�":C¤
���BergmanØ¼ê�":. ù�
�±^5�Oü��´Ä�X�d�¯K,ùÒ�¯K2k'
.

http://192.9.200.1
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3 ºé�¯K�ïÄV¹

e¡nã�e�y3���ºé�¯K�ïÄ�¹. ©ü��¡,@
�
´ºé��,@
�Ø´ºé��.
e¡��
(J´éÄ���N´y²�:

• A.Ù�,���e´Ù¦eZ����¦È,KT��BergmanØ¼ê
Ò´Ù¦eZ���BergmanØ¼ê�¦È.Ïd,eZºé����
¦È�½´ºé��.�ºé��ÚÙ¦�|¤��¦È�½Ø´º
é��.

• B.duBergmanØ¼ê3V�XNìe�Cz5Æ(1.3),Ïd,ºé�
�3V�XNìe���´ºé��,�ºé��3V�XNìe�
��½Ø´ºé��.

• C. �D ´k.�, Dm ⊂ D´�X���, �limDm =

D, �Km(z, w), K(z, w) ©O´Dm, D�BergmanØ¼ê, K¯¤±
�limKm(z, w) = K(z, w). dHurwitz½Æ,eDmÑ´ºé��,KD�

´ºé��, eDØ´ºé��, K�3¿©����êM , ¦�
�m > M �, DmÑØ´ºé��, =d��Dm�BergmanØ¼ê
Ñk":.

http://192.9.200.1
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• D. duV�XNì�JcobianÝ
�1�ªoØ�", d(1.5)��, ¤
k�k.à5�.�Ñ´ºé��.��N´y²?Ûk.à5�
Ñ´ºé��.3Eê²¡C ,dRiemannNì½n,±9B¤ã�¯¢,
C¥�?Ûk.üëÏ�D 6= C�½´ºé��.�C¥�?Ûäk

1w>.�k.��ºé���¿�^��T�´üëÏ�[14].

• 3.1. @
��BergmanØ¼êk":

3ºé�ß�JÑ�ÐÏ, éõ´�ºé�ß�Þ�~, =@
�
�BergmanØ¼êk":(=T�Ø´ºé��).

• 1���Ñ�~�´Skwarczynski, 1969c¦3©[2]¥�ÑC¥���

õëÏ��BergmanØ¼êk":,�Ò´`§Ø´ºé��.

• 1969c, Paul Rosenthal3©[12]¥y²: Eê²¡¥���D = {0 <

r < |z| < 1}Ø´ºé��;�é?Ûk > 2,3C¥o�3��këÏ

�Ø´ºé��.

• 1976c, Nobuyuki Suita, Akira Yamada3©[14]¥y²z���üëÏ
�k�Riemann¡Ø�U´ºé��.

• 1986c, Harold P.Boas3©[13]¥�Ñ�~, �31w����réê
5à�Reinhardt�Ø´ºé��.

http://192.9.200.1
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• 1998c, P.Pflug ÚE.H.Youssfi 3©[10]¥y²Cn¥���¥(minimal
ball)={z ∈ Cn : |z|2 + |zz′| < 1}�BergmanØ¼ê�n ≥ 4�k":. T
��BergmanØ¼ê�wL�ª3©[11]¥�Ñ.

• 2000c, Nguyên Viêt Anh3Cn¥�n ≥ 3�,�E
�ak.��rà
�Reihardt�¦�ÙBergmanØ¼êk":,�©[5].

• 2000c, Miroslav Engliš 3©[9]¥y²Hartogs�{(z, t) ∈ Ω × Cm :

‖t‖ < F (z)}, ùpΩ´Cd¥�äkÃ¡��>.�k.rà�,
−F´Ω�Ã¡���rà�½Â¼ê, �m¿©��, THartogs�
Ø´ºé��.�´vk�Ñm�.�õ�.

• 2000c, Harold P.Boas3ÙnÜ�w[3]¥�Ñ�

ΩH = {(z1, z2) ∈ C2 : |z2| <
1

1 + |z1|
}

�BergmanØ¼ê3�:k":. Ðwå5ù�Ù��BergmanØ¼ê
�é�/ªØäk":ù�¯¢�gñ,�´ΩH´Ã.�,Ïdù«
gñØ�3.

http://192.9.200.1
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• II.2. @
�´ºé��

ù�¡�(JØ
þ¡A,B,C,D�Ñ��¹	,�¡�(Jé�.

• 1996c, Harold P.Boas3©[15]¥,y²
��ék��¯¢: 3·��
ÿÀe,¤k��Xºé��(=Tºé��Ó��´��[à�)3[
à�|¤��m¥´��Ã?È��8Ü.ù`²Ú·��Ï"��,
����BergmanØ¼êäk":´�~��¹.

• 1973c, Shozo Matsuura3[8]¥y²¤k¥%3�:�k.��
�.�Ñ´ºé��. 1982c, Tadayoshi Kanemaru3©[7]¥y²
dM.SkwarczynskiÚ?��

Dp = {z ∈ Cn : |z1|2/p1 + · · ·+ |zn|2/pn < 1}(pj ∈ N)

Ñ´ºé��. 1979c, Shigeki KakuraiÚ^©[8]�(J3©[6]¥�
�(J”eD��´k.üëÏ��´¥%3�:����(minimal
domain),KD´ºé��”.
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¯¢þþã©[6,7,8]¥�ùn�(JÑØ¤á. ���¡����.�´
�ez´ÙS:,K��|λ| < 1@oλz�´ÙS:.
�âù�½Â,K�

Dp = {z ∈ Cn : |z1|2/p1 + · · ·+ |zn|2/pn < 1}(pj ∈ N)

´���.�.¯¢þ,ez ∈ Dp,=

|z1|2/p1 + |z2|2/p2 + · · ·+ |zn|2/pn < 1.

du|λ| = r < 1,Ïr2/pj < 1(j = 1, 2, . . . , n).¤±k

r2/p1|z1|2/p1 + r2/p2|z2|2/p2 + · · ·+ r2/pn|zn|2/pn < 1.

d=

|rz1|2/p1 + |rz2|2/p2 + · · ·+ |rzn|2/pn < 1.

ùÒL²λz ∈ Dp. ÏDp´k.����.�.

• þãHarold P.Boas, Siqi Fu, Emil J. Straube3©[16]¥y²�{z ∈ C2 :

|z1| + |z2|2/p < 1}�p > 2�ÙBergmanØ¼êk":, ùÒí�

©[8]Ú©[7]�(J.þã, P.Pflug and E.H.Youssfi3©[10]¥�(J,
Ò´é©[6]�Ä½.
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lþã��, glºé�ß�31966cJÑ�8�40c¥, k'º
é�ß��¡�ïÄÑ´I	�êÆ[3?1. 2004c3�Å=
êÆ[A.EdigarianÚW.Zwoneky²
2��é¡z�õ�Î´ºé�
�[19]. 2005c", �\|æêÆ[N.NikolovÚÅ=êÆ[W.Zwoneky
²
�u2��é¡z�õ�ÎØ´ºé��[20]. -D�ü ��,
λ = (λ1, . . . , λn) ∈ Cn, πn = (πn,1, . . . , πn,n) : Cn → Cn�Xe½Â

�N�µ

πn,k(λ) =
∑

1≤j1<···<jk≤n

λj1
λj2

. . . λjk
, 1 ≤ k ≤ n.

K8ÜGn = πn(D
n)¡�n��é¡z�õ�Î. GnÚå<��5¿´d

u±e��
k��5�:
1) Gn�BergmanØ¼ê�wL�ª�±¦Ñ5�[19];
2) GnØ � U V � X � d u à �, � ´G2þ �CarathéodoryÝ þ
ÚKobayashiÝþ´�Ó�[21-25] (�n > 2�, Gnþ�CarathéodoryÝþ
ÚKobayashiÝþ´Ä�Ó¿Ø�Ù).
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4 ïÄºé�ß��g�Ú�{

?Øºé�¯KvkÚ���{,8c��k±eA«:
1) Ramadanov½n[26]: eCn¥��S�{Ωj}÷v

Ωj ⊂ Ωj+1, lim
j→+∞

Ωj = Ω,

K �Ωj�BergmanØKΩj
(z, w)3Ω × Ω� ; f 8 þ � � Â ñ

�Ω�BergmanØKΩ(z, w).
A ^Hurwitz½ n, á = � ± � � X e ( Ø µ e 4 � �

�BergmanØ3Ω × Ωþ�3":, �j¿©�(=Ωj¿©%CΩ)�,
�Ωj�BergmanØKΩj

(z, w)7k":.
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2) | ^ \ �BergmanØ[27]: eG�Cn¥ � �, Ω´ ±G� . � m

�Hartogs�, =Ω = {(z, zn+1 ∈ Cn+1, z ∈ G : |zn+1 < r(z)}, ù
pr(z)´Gþ���¼ê, KΩ�Bergman Ø¼ê��u.�mGþ, Ò
�u��πr2�G�\�BergmanØ¼ê. ù�\�BergmanØ¼ê�":
�Ò´'G�p���Ω�BergmanØ¼ê�":. d\�BergmanØ�n
Ø��±íÑXe�; �n.
3) ; �n[16]: �Ω´Cn¥dØ�ªφ(z) < 1¤.½��, ùpφ(z)´

3Ω�4��,���ëY��K¼ê. -K1L«Cn+2¥��Ω1

�BergmanØ¼ê, Ω1dØ�ªφ(z) + |ζ1|2/p + |ζ2|2/q < 1¤.½, p�qÑ

´�¢ê. -K2L«Cn+1¥dØ�ªφ(z) + |ζ|2/(p+q) < 1 ¤.½�

�Ω2�BergmanØ¼ê. Keã�ªÒ¡�; �n:

πK2(z, 0; w, 0) =
π2Γ(p + 1)Γ(q + 1)

Γ(p + q + 1)
K1(z, 0, 0; w, 0, 0)

ù:Úþã12:Ñ^u�ºé�ß�±�~.
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4) òS�n[16]: �G�DÑ´Cn¥�k.�, F : G −→ D´NG�D�

��m�_;Nì. -u := detF ′, -Φ1, . . . , ΦmL«½ÂuD − Vþ�F

�m�ÛÜ�_Nì, ùpV := {F (z) : z ∈ G, u(z) = 0}. 2-Uk :=

detΦ′
k .KG�BergmanØKG�D�BergmanØKD�C�úª�[46]:

m∑
k=1

KG(z, Φk(w))Uk(w) = u(z)KD(F (z), w).

ù�±^u?ØBergmanØ¼êkÃ":�¯K.
|^þãg�Ú�{?Øºé�¯K�äN~f��[3,15,16],ùpØK
ã.
þã�{�Nþ�UA^uBergmanØ¼ê®²¦Ñ5��¹e. ý�
õêk.��BergmanØ¼ê�wL�ª´¦ØÑ5�. ù«�¹�ºé
�¯KXÛ?Ø,ÿÃ�1�g�Ú�{. Ïdl�.)ûºé�¯K�
é�.
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5 ºé�ß��#ïÄ+�

�8c��,Ø
��Cn¥�k.à5�Ñ´ºé���	,<�Ñ9©
u�ºé�ß�±�~. duU¦ÑBergmanØ¼êwL�ª���a.
é�,Ïdºé�¯K�ïÄÒ8¥u�.�.�´g1998c±5,Ð¤±
Mï
Cartan-Hartogs�, Cartan-Egg�,uÛ��,2ÂuÛ��,uÛ�(
��5a#��(Ï¡�uÛ��),�§��BergmanØ¼ê�wL�ª
Ñ®²¦
Ñ5[18],ùÒ�3uÛ��þïÄºé�¯KC½
Ä:,ù
´ºé�ß��#ïÄ+�.ù�!ÒQãuÛ���ºé�ß�,Ù¥
����:Ò´ruÛ���BergmanØ¼ê":¯K�?Øz�üE
CþZ�¢Xêõ�ª(½öÂñ�¢XêÃ¡?ê)3ü ��S�":
¯K�?Ø,��±ÏLC�W = (1− Z)−1,rü ��z�W²¡�Ï

L:(1/2, 0)R�u¢¶����m�²¡,=«�ReW > 1/2. e¡±1
�aCartan-Hartogs��~?1`²,Ù¦a.�uÛ���daq. 1�
aCartan-Hartogs��½Â�µ

YI(N, m, n; K) = {W ∈ CN , Z ∈ RI(m,n) : |W |2K < det(I−ZZ
t
), K > 0}.

Ù¥RI(m,n) = {Z ∈ Cmn : I − ZZ
t
> 0}�1�aCartan�, Z�m1n�

�EÝ
©
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ÙBergmanØ¼ê�

KI((W, Z); (ζ, ξ)) = K−mnπ−(mn+N)G(Y )det(I − Zξ)−(m+n+N/K). (5.1)

Ù¥

G(Y ) =
mn+1∑
i=0

biΓ(N + i)Y N+i, Y = (1−X)−1, X =
N∑

j=1

Wjζj(1− Zξ)−1/K.

b0 = 0,-

P (x) = (x + 1)[(x + 1 + Kn)(x + 1 + K(n− 1)) . . . (x + 1 + K)]

[(x + 1 + K(n + 1))(x + 1 + Kn)...(x + 1 + 2K)]

. . . . . . [(x + 1 + K(n + m− 1))(x + 1 + K(n + m− 2)) . . . (x + 1 + mK)].
(5.2)

KÙ{bi(i = 1, 2, . . . . . . , n + 1)Ude�4íúªû½µ

bi = [P (−i− 1)−
i−1∑
k=0

bk(−1)kΓ(i+1)/Γ(i− k +1)][(−1)iΓ(i+1)]−1. (5.3)
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�C,Ü|lr§U��

bi =
i∑

j=1

(−1)jP (−j − 1)

Γ(j + 1)Γ(i− j + 1)
. (5.4)

Ù�, éu1�aCartan-Hartogs�, �3�XgÓ�C�(W ∗, Z∗) =

F (W, Z)rT�¥�:(W, Z0)N�:(W ∗, 0), Ï3C�Fe, Ø¼
êKI((W, Z); (ζ, ξ))ÒC�

KI((W, Z); (ζ, ξ)) = (detF ′(W, Z))|Z0=ZKI [(W
∗, 0), (ζ∗, 0)](detF ′(ζ, ξ)).

ÏdØ¼êKI((W, Z); (ζ, ξ))�":ÒÚKI [(W
∗, 0), (ζ∗, 0)]�":���

�. ��Bå�,U�W ∗�W , ζ∗�ζ ,ù�

KI [(W, 0), (ζ, 0)] = K−mnπ−(mn+N)G(Y ). (5.5)

Ù¥

G(Y ) =
mn+1∑
i=0

biΓ(N + i)Y N+i, Y = (1−
N∑

j=1

Wjζj)
−1. (5.6)

éue¡�?Ø,�5¿ü�Ä��¯¢:
1)du(W, 0)Ú(ζ, 0)±9(W ∗, 0)Ú(ζ∗, 0)Ñ´1�aCartan-Hartogs��S
:,Ïd¦���|W |, |ζ|, |W ∗|, |ζ∗|Ñ�u1.
2) BergmanØ¼ê�é�/ªo�u",=KI((W, Z); (W, Z)) > 0.
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ù�, -t =
∑N

j=1 Wjζj, Kt�Eê, �|t| < 1, duY = (1 − t)−1, Ï
|t| < 1ÒC�Y−²¡þ�ÏL:(1/2, 0)R�u¢¶����m�²¡,
=C�«�ReY > 1/2. Ïd(5.6)¥�G(Y )ÒC�

G(Y ) = Y N+1
mn+1∑
i=1

biΓ(i+N)Y i−1 = Y mn+N+1
mn+1∑
i=1

biΓ(i+N)(1−t)mn−i+1.

-

f(Y ) =
mn+1∑
i=1

biΓ(i + N)Y i−1, g(t) =
mn+1∑
i=1

biΓ(i + N)(1− t)mn−i+1. (5.7)

KYI(N, m, n; K)�BergmanØ¼ê�":¯K�?ØÒ8(�üECê
õ�ªg(t)3ü ��S�":¯K�?Ø; ½ö8(�üECêõ
�ªf(Y )3Y−²¡þ�ÏL:(1/2, 0)R�u¢¶����m�²¡,
=ReY > 1/2,S�":¯K�?Ø.rù�Øä��½nÒ´µ
½nAµ1�aCartan-Hartogs��ºé���¿�^��g(t)�¤k�Ñ

 u|t| ≥ 1,½ö�du
1�aCartan-Hartogs��ºé���¿�^��f(Y )�¤k�Ñ 

uReY ≤ 1/2.
Äk|^½n�1�«Qã, �Ä�{ü�3«�¹: N = m = 1�,
n = 1, 2, 3.
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• 5.1. YI(1, 1, 1; K)´ºé��

�N = m = n = 1�, d��Cartan-Hartogs�YI(1, 1, 1; K) = {W ∈
C, Z ∈ C : |W |2K + |Z|2 < 1},�Au(5.7)�

g(t) = b1(1− t) + 2b2.

�â(5.3)�O���b1 = K−1, b2 = 1,Ïg(t) = K+1−t(K−1),Ù"
:�(K + 1)/(k − 1) > 1,Ø3ü ��S,ÏdYI(1, 1, 1; K)�BergmanØ
¼êÃ":,=YI(1, 1, 1; K)´ºé��.
�D ⊂ C2 ´äk¢)Û>.�[à�,eÙ�XgÓ�+Ø;�,KÄ
uBedfordÚPinchuk�eã½n,dþã(J�y²
D�½´ºé��.
Bedford-Pinchuk½n[17]: �D ⊂ C2´äk¢)Û>.�[à�,eÙ�
XgÓ�+Ø;�,KDV�X�du±e/ª��

Em = {(z1, z2) ∈ C2 : |z1|2m + |z2|2 < 1},

Ù¥m�,���ê.
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• 5.2. YI(1, 1, 2; K)´Ä�ºé��

N = m = 1, n = 2�,d��Cartan-Hartogs�YI(1, 1, 2; K) = {W ∈ C, Z ∈
C2 : |W |2K + |Z|2 < 1},�Au(5.7)�

g(t) = b1(1− t)2 + 2b2(1− t) + 6b3.

�â(5.3)�O���b1 = (K − 1)(2K − 1), b2 = 3(K − 1), b3 = 1,Ï

dg(t)�":�

t =
b1 + b2 ±

√
b2
2 − 6b1b3

b1
. (5.8)

5¿�þªmà�¢ê�,duÄ�¯¢2),Ïdmà���U3(−1, 0)�

¥,�mà�Eê�,duÄ�¯¢1),mà�ýé��U�u1. e¡©O
éK > 0�ØÓ�¹?1©Û.²O�(5.8)ª�

t =
b1 + b2 ±

√
b2
2 − 6b1b3

b1
=

2(K − 1)(K + 1)±
√
−3(K − 1)(K + 1)

(K − 1)(2K − 1)
.

(5.9)

§7L3(−1, 0)�¥âk¿Â.
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• �0 < K < 1/2�

�¦(5.9)ª3(−1, 0)�¥,=�¦

−1 <
2(K − 1)(K + 1)±

√
−3(K − 1)(K + 1)

(1−K)(1− 2K)
< 0. (5.10)

þªmà��0 < K < 1/2o¤á. þª�à¤áÒ�¦k

(1−K)(4K + 1) < ±
√

3(1−K2).

�”)”Ò�Ø¤á,�”+”Ò�,�¦k

(1−K)(4K + 1) <
√

3(1−K2).

d=�¦k16(K−1/2)2(K+1/2) > 0,ù�,¤á.Ïd�0 < K < 1/2�,
YI(1, 1, 2; K)�BergmanØ¼êk":,§Ø´ºé��.Ù":�

t = Wζ =
2(K − 1)(K + 1) +

√
−3(K − 1)(K + 1)

(1−K)(1− 2K)
.
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rWζ¡E��5�W ∗ζ∗,¿5¿�W ∗Úζ∗´WÚζ3Fe��,ù�

Wζ(1− Zξ)−1/K =
2(K − 1)(K + 1) +

√
−3(K − 1)(K + 1)

(1−K)(1− 2K)

´�0 < K < 1/2�YI(1, 1, 2; K)�BergmanØ¼ê�":�8Ü.± �
éBergmanØ¼êkÃ":?1½5ïÄ,ùpr":�8ÜäN¦
Ñ
5,ù3± ´é¾��.

• �K = 1/2�

d��g(t) = 2b2(1 − t) + 6b3 = −3(1 − t) + 6. Ù":�t = −1,
=Wζ = −1, �â1��Ä�¯¢ù´Ø�U�. Ïd, �K = 1/2�,
YI(1, 1, 2; K)�BergmanØ¼êÃ":.

• �1/2 < K < 1�

d��g(t) = b1(1− t)2 + 2b2(1− t) + 6b3,
0 < |1− t| < 2,Ïd

|g(t)| > 6−4|b1|−4|b2| = 6−4(1−K)(2K−1)−12(1−K) = 2(2K−1)(2K+1) > 0.

ùL«d�g(t)Ã":. Ï�1/2 < K < 1�, YI(1, 1, 2; K)�BergmanØ
¼êÃ":. �K = 1�, YI(1, 1, 2; K)´�¥,�,´ºé��.
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• �1 < K < +∞�

d�g(t)�":�

t =
b1 + b2 ±

√
b2
2 − 6b1b3

b1
=

2(K − 1)(K + 1)±
√
−1

√
3(K − 1)(K + 1)

(K − 1)(2K − 1)
.

�Ù¢Ü�
2K + 2

2K − 1
> 1.

ù � 1 � � Ä � ¯ ¢ Ø Î, ù L ² �1 < K < ∞�,
YI(1, 1, 2; K)�BergmanØ¼êÃ":.

• nþ¤ã, �0 < K < 1/2�, YI(1, 1, 2; K)Ø´ºé��, ù�´
©[7,8]����~�ÙBergmanØ¼ê�":�8Ü�äN�¦

Ñ5;�1/2 ≤ K < +∞�, YI(1, 1, 2; K)´ºé��.

http://192.9.200.1


Institute of 
Structural
Mechanics

X  Ø

nØ©Û©©©

ê��ý©©©

Á�ïÄ©©©

ïÄ(Ø

N¹: ���§

�KïÄÏm��'¤J

�  �

�¯Ì�

I K �

JJ II

J I

1 32�� 44�

� £

�¶w«

' 4

ò Ñ

• 5.3. YI(1, 1, 3; K)´Ä�ºé��

�N = m = 1, n = 3�, d��Cartan-Hartogs�YI(1, 1, 3; K) = {W ∈
C, Z ∈ C3 : |W |2K + |Z|2 < 1}. �Au(5.7)�

g(t) = b1(1− t)3 + 2b2(1− t)2 + 6b3(1− t) + 24b4.

�â(5.3)O���b1 = (K−1)(2K−1)(3K−1), b2 = (K−1)(11K−7), b3 =

6(K − 1), b4 = 1.Ï

g(t) = (K + 1)(2K + 1)(3K + 1)− (K − 1)(K + 1)(18K + 11)t

+(K − 1)(K + 1)(18K − 11)t2 − (K − 1)(2K − 1)(3K − 1)t3.

�0 < K <
√

2
2 �:

d�g(0) = (K + 1)(2K + 1)(3K + 1) > 0,g(−1) = 48K(K −
√

2
2 )(K +√

2
2 ) < 0. ù`²g(t)3(0, 1)m��k��":. Ïd,d��YI(1, 1, 3; K)

Ø´ºé��.
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• �
√

2
2 < K ≤ 1�

d�|g(t)| ≥ [(K + 1)(2K + 1)(3K + 1)− (1−K)(K + 1)(18K + 11)− (1−
K)(K + 1)(18K − 11)− (1−K)(2K − 1)(3K − 1)] = 24K(2K2 − 1) > 0.
Ïd�YI(1, 1, 3; K)´ºé��.

• �K > 1�

d�g(1) = (K + 1)(2K + 1)(3K + 1)− (K − 1)(K + 1)(18K + 11) + (K −
1)(K + 1)(18K − 11)− (K − 1)(2K − 1)(3K − 1) = 24 > 0,
g(K+1

K−1) = 2(K+1)
(K−1)2 [(K + 1)2(6K2 − 12K + 5)− (K − 1)2(6K2 + 12K + 5)],

[(K + 1)2(6K2 − 12K + 5)− (K − 1)2(6K2 + 12K + 5)] < 0,

�g(K+1
K−1) < 0.

Ïdg(t)3(1, K+1
K−1)k":t1.

�Ù,	ü�":�t2 Út3. dug(t)´3��¢Xêõ�ª, ���3±
eü«�¹:
1) t2, t3�p�Ý;
2) t2, t3Ñ´¢ê.
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�â��Xê�'X, kt1t2t3 = (K+1)(2K+1)(3K+1)
(K−1)(2K−1)(3K−1). dut1 < K+1

K−1 , Ï

kt2t3 > (2K+1)(3K+1)
(2K−1)(3K−1) > 1. Ïd1�«�¹e, t2, t3 ��Ñ'1�, ù

�5.1�c¤ã�Ä�¯¢1�gñ. 3�¹2�, dut2, t3 Ø�U´K¢

ê2du5.1�c¤ã�Ä�¯¢2, t2, t3 Ø�U3[0,1)¥. Ïdt2 > 1 and
t3 > 1,Ñ�5.1�c¤ã�Ä�¯¢1�gñ. �d�YI(1, 1, 3; K)´ºé�

�.
nþ¤ã,�0 < K <

√
2/2�, YI(1, 1, 3; K)Ø´ºé��;�

√
2/2 ≤ K <

+∞�, YI(1, 1, 3; K)´ºé��.

• �D ⊂ C3(⊂ C4)´äk¢)Û>.�[à��ÙLevi/ª���
�´2(3),eÙ�XgÓ�+Ø;�,KÄuBedfordÚPinchuk�eã½
n,dþã(J�y²
D�½´ºé��.

Bedford-Pinchuk½n[18]: �D ⊂ Cn+1 ´äk¢)Û>.�[à��

ÙLevi/ª����´n − 1,eÙ�XgÓ�+Ø;�,KD V�X�d

u±e/ª��

Em = {(w, z1, z2, . . . , zn) ∈ Cn+1 : |w|2m + |z1|2 + · · ·+ |zn|2 < 1},

Ù¥m�,���ê.

• nþ¤ã,�0 < K <
√

2/2�, YI(1, 1, 3; K)Ø´ºé��;�
√

2/2 ≤
K < +∞�, YI(1, 1, 3; K)´ºé��.
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��±|^½nA�1�«Qã5?1Øy,ù�±ë�F.Z.Demmad�Ø
©[30].
Ó��±Úþ¡���Ä12-6a�Cartan-Hartogs��BergmanØ¼ê�
":¯K, ��±���Auf(Y ), g(t) �¢Xêõ�ªfj(Y ), gj(t)(j =

2, 3, . . . , 6),©O�Ä¦�3ReY > 1/2Ú|t| < 1S�":¯K.ù8(
�üEC�¯K.éugê�1,2,3,4�õ�ª, |^©z[29]¥15Ù¤Q
ã��{Ñ�±)ûÙ":¯K�?Ø.J:´é���nXÛ�Äº

6 ºé�ß��Open Problems
ºé�¯K´ïÄCn¥k.�D�BergmanØ¼ê�":¯K.Ïdu
�D�ØÓ,ÙBergmanØ¼ê�ØÓ.pØ�X�d�Ø���k.�
kÃ¡õ�,Ù8Ü�³�uëYÚ�³. Ó��A�BergmanØ¼ê�8
Ü�³���uëYÚ�³. �´o�©�na: A.��BergmanØ¼ê
�wL�ª´Ð�¼ê½´Ð�¼ê�k��|Ü,~XCartan�,k.à
5�, Cartan-Hartogs�, Cartan-Egg�; B. ��BergmanØ¼ê´Ã¡?ê
�/ª,~X�Ü©�Egg�Ú�Ü©�uÛ��Ú�Ü©�uÛ�(�;
C.��BergmanØ¼ê�,�3�´ÙwL�ª¦ØÑ5,ù«�¹Óý
�õê,Ï�U
wª�ÑBergmanØ¼ê��´é¾��.

http://192.9.200.1


Institute of 
Structural
Mechanics

X  Ø

nØ©Û©©©

ê��ý©©©

Á�ïÄ©©©

ïÄ(Ø

N¹: ���§

�KïÄÏm��'¤J

�  �

�¯Ì�

I K �

JJ II

J I

1 36�� 44�

� £

�¶w«

' 4

ò Ñ

8céºé�¯K�?Ø8¥ucüa. é1naÿÃÐ��{,Ï~A
�Ïéºé���A�5�,½ö`Ïéºé���¿�^�.<�ßÿ
ù�A�5�A�l��AÛ5�¥�Ïé,ùÒA�ïÓ3é�õ�ä
N�ºé��Ú�ºé���©Ûþ. écüa�ïÄ¬å�ù«�^.
��éó,1�a�N´,1�aé(J,ÙJÝ�âBoas�w{��
u)ûRiemannß��JÝ,1na8c�ÃleÃ.dd��,ºé�¯
K��éJ�Ü)û,�okJÝØÓ�¯K�±ïÄ.Ïdºé�ß�
´��éÐ�ïÄ+�. e¡r¤JÑ�Open ProblemsÛ�å5±"Ö
ö.
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1) Ù�, Eê²¡C¥>.1w�k.��ºé���¿�^�´T�

´üëÏ�[14],�é?Ûk > 2,3C¥o�3��këÏ�Ø´ºé�

�[12].
¯K:�ÑEê²¡C¥�Ã�ëÏ��ºé���¿�^�[3].
2) Nguyên Viêt Anhy²Xe½Â��3k¿©��ÙBergmanØ¼ê7k
":[5]:

{|z2|2k(1 + |z1|)2k + |z2|2k(1− |z1|)2k +

(
|z1|2 + |z2|2

k

)k

< 1.}

¯K:¦Ñ¦�þã��BergmanØ¼êk":����k[3].
3) �G´Cn¥��¹�:�k.�, Kt(z, w)L«G�±exp(−t|z|)��
�BergmanØ¼ê, Miroslav Englis̆y²�t¿©��Kt(z, w)3�:NC7

k":[28].
¯Kµt�.õ�ÒU�y\�BergmanØ¼êk":[3]º
4)duéu?¿�n > 2o�3Cn¥�k.à�¦�ÙBergmanØ¼êk
":[11,16].
¯Kµ´Ä�3C2¥�k.à�¦�ÙBergmanØ¼êk":[3]º
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5)¯Kµ�ê|¤��|ê(p1, p2, . . . , pn)äkÛ«A�âU¦�Xe�

��BergmanØ¼êÃ":µ

{z = (z1, . . . , zn) ∈ Cn : |z1|2p1 + · · ·+ |zn|2pn}[3].

6) X15!¤ã, 1�aCartan-Hartogs��BergmanØ¼ê":�?ØÒ
8(�(5.7)¥�

g(t) =
mn+1∑
i=1

biΓ(i + N)(1− t)mn−i+1

3|t| < 1S":�?Ø,½ö8(�

f(Y ) =
mn+1∑
i=1

biΓ(i + N)Y i−1

3Y -²¡þReY > 1/2S�":�?Ø,Ù¥bj�(5.3)½(5.4).
¯KµK3�o��¦�g(t)(½f(Y ))3¤?Ø�«�Sk":½Ã"
:º

Ó��±?ØCartan-Hartogs��Ù¦a.���BergmanØ¼ê":�
¯K,
��±ïÄ�aCartan-Egg�, uÛ��, 2ÂuÛ��, uÛ�(�
�BergmanØ¼ê�":¯K.
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• 555PPP

1. �N = m = 1�,1�aCartan-Hartogs�ÒC¤YI(1, 1, n; K),Ù�A�

P (x) = (x + 1)[(x + 1 + Kn)(x + 1 + K(n− 1)) . . . (x + 1 + K)],

bi =
i∑

j=1

(−1)jP (−j − 1)

Γ(j + 1)Γ(i− j + 1)
.

i = 1, 2, . . . . . . , n + 1.

f(Y ) =
n+1∑
i=1

biΓ(i + 1)Y i−1.

g(t) =
n+1∑
i=1

biΓ(i + 1)(1− t)n+1−i

YI(1, 1, n; K)�BergmanØ¼ê":�?ØÒz�ng¢Xêõ�ªg(t)3

ü ��|t| < 1SÜ�":¯K, ½öng¢Xêõ�ªf(Y )3�²

¡ReY > 1/2S�":¯K�?Ø. Ò��8(���üEC�¯K.
d¯K�?Ø�±|^©z[29]¤ã�”Descartes’ Rule of Signs”, ”Fourier-
Budan Method”±9”Sturm’s Method”��{. �´��égê�$�¢X
êõ�ªâk�,é���ng�õ�ªXÛ�Äÿ´��¯K,Ï�X<
��ô�.
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• 2. Ïdly3��¹ó,�±@�ºé�¯K��.)û�~(J,
�Uò[�?ØØ�. �okJÝØÓ�¯K�±ïÄ.Ïdºé�ß
�´��éÐ�ïÄ�K.

• ���HHHïïïÄÄÄºººééé���ßßß���!

• ���HHHïïïÄÄÄuuuÛÛÛ������!

� ��
Thank You!
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[28] Miroslav Engliš. Asymptotic behaviour of reproducing kernels of weighted
Bergman spaces, Trans. Amer.Math.Soc.,1997, 349(9): 3717-3735.

[29] E.J.Barbeau. Polynomials, New York, Berlin, Heidelberg: Springer-Verlag,
1989.
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